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Abstract

In order to study linear and nonlinear properties of micro-instabilities in negative
shear tokamaks, a gyrokinetic integral eigenvalue code and a gyrokinetic finite ele-
ment particle-in-cell (PIC) code are developed. Linear calculations show that both
the slab ion temperature gradient driven (ITG) mode and the slab electron tempera-
ture gradient driven (ETG) mode become strongly unstable around the gmin-surface,
where gmin is the minimum value of a safety factor q. Both modes have three types
of branches in the negative shear configuration: a single mode-rational surface mode,
a double mode-rational surface mode, and a nonresonant mode. The ETG turbu-
lence in a slab configuration modeling the negative shear tokamak is studied using
a gyrokinetic finite element PIC code. It is found that quasi-steady E, X B zonal
flows are generated in finite magnetic shear regions in both sides of the gmi,-surface,
where the electron thermal transport is reduced substantially. Stability analyses of
the electrostatic Kelvin-Helmholtz (K-H) mode show that the quasi-steady E, x B
zonal flow profile is closely related to the g-profile or the magnetic shear, which has
a stabilizing effect on the K-H mode. By changing the ¢-profile to reduce the mag-
netic shear, the K-H mode becomes unstable for the quasi-steady E, x B zonal flows,
and the E, x B zonal flows disappear in the weak magnetic shear region. Numerical
results show a possibility of controlling E,. x B zonal flows with the magnetic shear,
through the stability of the K-H mode.

Keywords: Gyrokinetic Theory, Negative Shear Tokamaks, Drift Wave Instability,
Kelvin-Helmbholtz Instability, Particle Simulation
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1 Introduction

Understanding of a transport process in fusion plasmas is one of the critical issues for
a future development of the magnetic thermonuclear fusion reactor, because the energy
confinement time determines the reactor size which greatly affects economical efficiency. In
order to investigate the turbulent transport in tokamaks, the gyrokinetic theory (1, 2, 3, 4, 5]
has been developed. The gyrokinetic theory provides a rigorous kinetic description of low
frequency phenomena in high temperature tokamak plasmas. In this paper, particularly for
negative shear tokamaks, various linear and nonlinear properties of micro-instabilities such
as the ion temperature gradient driven (ITG) mode and the electron temperature gradient
driven (ETG) mode are addressed, based on the gyrokinetic theory.

1.1 Brief historical review and motivation

Early experimental researches on the energy confinement property in DOUBLET III [6, 7]
have shown that both the ion and electron heat conductivities are considerably high com-
pared with predictions by the neoclassical theory. It has been believed that the tokamak
anomalous transport is produced by a plasma turbulence. From density fluctuations ob-
served by the beam emission spectroscopy (BES) measurement, correlation between low
frequency density fluctuations and the anomalous heat conductivity was confirmed [8] in
the Tokamak Fusion Test Reactor (TFTR) [9]. Drift-type micro-instabilities have been
considered as a driving mechanism of a plasma turbulence, because they become unstable
easily for finite density and temperature gradients even in a configuration where magneto-
hydrodynamic (MHD) instabilities are suppressed. From comprehensive theoretical studies
on linear properties of micro-instabilities, various ion and electron modes have been found.
Although the distinction among several branches of drift-type instabilities is sometimes
difficult, they are classified mainly into the slab mode, the toroidal mode, and the trapped
particle mode, depending on their driving mechanisms. The slab drift mode [10, 11] is the
most basic drift wave which is excited by a resonance of particle motion with a wave phase
velocity in the direction parallel to the ambient magnetic field. The toroidal mode [12]
is destabilized by the magnetic drift in a bad curvature region of a toroidal plasma. The
trapped particle mode [10] is caused by a resonance of the precessional drift of trapped
particles with a wave phase velocity. Low frequency density fluctuations propagating in
the lon diamagnetic direction were observed firstly in the Texas EXperimental Tokamak
(TEXT) [13], and later in other machines {14, 15]. Thus, a model of the ion anomalous
transport based on the ITG mode has been widely accepted in the magnetic fusion com-
munity, and substantial efforts have been made for a study of the ITG turbulence. Low
frequency density fluctuations propagating in the electron diamagnetic direction have also
been reported [14]. From comprehensive linear kinetic calculations [16, 17], the toroidal
ITG mode and the trapped electron mode (TEM) have been considered as important can-
didates for these ion branch and electron branch fluctuations.
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In recent advanced tokamak configurations with a reversed magnetic shear or a negative
shear configuration, the observed confinement properties have been drastically changed
from those in the conventional normal shear experiments. In the negative shear tokamaks,
significant improvement of the particle and energy confinement due to the internal transport
barrier (ITB) has been observed [18, 19, 20]. The ITB in the weak magnetic shear region
was firstly observed in the Japan Atomic Energy Research Institute Tokamak-60 Upgrade
(JT-60U) [21]. The energy break-even will be expected in the reversed shear plasmas
with the ITB on JT-60U [22]. Since this configuration is realized with a high fraction
of the bootstrap current, the negative shear configuration is considered as a promising
operation mode in future tokamak reactors. The ITB in the negative shear tokamaks
is characterized by steep density and temperature gradients near the gmi,-surface. The
sheared poloidal and toroidal flows are often observed in the same region. Here, the quin-
surface is a magnetic surface where a safety factor ¢ becomes the minimum value. Recent
transport analyses for negative shear tokamak experiments [23, 24] have shown that the ion
thermal diffusivity reduces to the neoclassical level in the internal transport barrier (ITB)
region. This transport reduction is well explained by a model based on a E, x B flow shear
suppression [25] for micro-instabilities, especially for the ITG mode. Coincidence between
the region of the flow shear suppression for the ITG mode, which is characterized by the
empirical condition, wg, xB > Ymax [26], and the region of the reduced ion thermal diffusivity
has been obtained experimentally, where wg,_« g is the E, x B shearing rate and ypyay is the
maximum growth rate of the ITG mode. Although the TEM has also been considered to be
stabilized with the observed wg, « g, the electron thermal diffusivity is often still anomalous
in the ITB region. Recently, the ETG mode [27, 28] has been proposed as a cause of the
electron anomalous transport in the ITB [29]. In analyses for the DIII-D negative shear
discharges [30], it has been shown that the growth rate of the toroidal ETG mode greatly
exceeds an observed E, x B shearing rate, and that the electron temperature gradient is
limited by its critical value where the toroidal ETG mode is marginally stable.

In most of analyses mentioned above, linear growth rates have been evaluated with ki-
netic ballooning calculations [16, 17|, which solves a linear gyrokinetic eigenmode equation
under the ballooning representation or the Wentzel-Kramers-Brillouin (WKB) approxima-
tion. Since the scale length ordering between the radial mode structure and equilibrium
profiles or k-'/L, ~ k7'/L; < 1 has been considered to be valid for relatively high-n
modes in the conventional normal shear tokamaks, the WKB method has been adopted
in these calculations, where n is a toroidal mode number, k. is a wavenumber in the ra-
dial direction, and L, and L; are scale lengths of the density and temperature gradients,
respectively. However, as is shown in recent works using the gyrokinetic global spectral
code [31, 32], the linear gyrokinetic particle-in-cell (PIC) code [33], and the nonlinear gy-
rokinetic PIC codes [34, 35|, medium (or low)-n modes have a global radial eigenmode
structure. Furthermore, in negative shear tokamaks, steep density and temperature pro-
files have been observed in the ITB region or a weak magnetic shear region around the
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gmin-surface. The scale length ordering should be modified as k; /L, ~ k7'/L; < 1, where
the WKB approximation may not be a good approximation. In analyzing various micro-
instabilities ranging from a relatively long wavelength ITG mode to a short wavelength
ETG mode, a treatment of the full finite Larmor radius (FLR) effect is required. There-
fore, a global approach based on a gyrokinetic integral eigenmode equation is required for
studying properties of micro-instabilities in the I'TB region of the negative shear tokamaks.

Although several kinetic eigenvalue codes based on the Vlasov or gyrokinetic integral
eigenmode equation have been developed for a slab or cylindrical geometry [31, 36, 37],
and for a toroidal geometry [32, 38], numerical results for clarifying properties of micro-
instabilities in the negative shear configuration were very limited. Only a few cases have
been reported in Ref. [32], where the ITG mode with a medium-n mode number (n ~ 10)
shows a slab-like eigenmode structure in the negative shear configuration. This may imply
an importance of the slab I'TG mode in the negative shear configuration.

The linear theory is useful for providing many insights on the driving mechanism, the
characteristic wavelength and frequency, and the marginal stability condition. However, as
for a study of micro-instabilities, prior attention should be paid to their nonlinear proper-
ties, because fluctuations which are usually observed in tokamak plasmas are considered as
a nonlinearly saturated state of micro-instabilities. In relation to E, x B flow shear stabi-
lization of the ITG mode, the linear stability analyses were performed for a model E, x B
shear flow [37, 39]. Using the empirical condition, wg, xB > Ymax, the E, x B flow shear
suppression has been discussed for the experimental F, x B shear flow [24, 30]. However,
important nonlinear issues such as a generation of self-consistent E, x B shear flows in a
neutral plasma can not be resolved only by the linear theory. It is essential to consider a
nonlinear approach in analyzing the transport properties of fusion plasmas. A lot of the-
oretical attempts have been made to describe nonlinear properties of micro-instabilities.
The quasilinear theory and the weak turbulence theory [40, 41] are standard descriptions
of a drift wave turbulence in tokamak plasmas, which is considered as a weak turbulence,
but the present existing theories are not enough for explaining the experimental data
completely. Thus, future experimental devices such as the International Thermonuclear
Experimental Reactor [42] (ITER) have been designed principally based on the empirical
energy confinement scalings obtained from the experimental database.

Besides experimental and theoretical approaches, recent progress on high performance
computers and numerical techniques suggest the third approach, a computer simulation or
a numerical experiment. The particle simulation model of plasma is one of the standard
simulation methods in the space and laboratory plasma research [43, 44, 45]. In this
model, a plasma is simulated by following motions of a large number of particles in the
self-consistent electromagnetic fields, which is described with the coupled Newton-Maxwell
equations. The particle model essentially describes all the phenomena from the microscopic
phase space trajectory [46] to the macroscopic collective motion. Since simulations based
on the particle model require a large storage memory and a high computational speed, both
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the time and spatial scales of phenomena investigated by the particle model were greatly
limited with the available computational resources. Recent improvements in simulation
techniques and development of parallel computers make a large scale plasma simulation
with ~ 10° particles possible.

As for a simulation modeling in the fusion plasma research, a global gyrokinetic particle
simulation has become a powerful tool in a study of kinetic instabilities in tokamaks. In
these problems, the frequency of the drift wave or the kinetic MHD mode is much smaller
than that of basic plasma phenomena, such as the plasma oscillation or gyro-motion of par-
ticles. In order to explore the low frequency physics in tokamaks, the empirical gyrokinetic
model was firstly proposed by Lee [1]. The model was refined in an excellent way using the
action-variational Lie perturbation method [47, 48], and the gyrokinetic formalism of the
Vlasov-Maxwell system was derived [3, 4, 5]. The gyrokinetic Vlasov-Maxwell system was
successfully implemented on the gyrokinetic particle simulation code [49]. In the gyroki-
netic Vlasov-Maxwell equations, the gyro-motion of particles, and the waves arising from
the gyro-resonances, are removed analytically without losing important physical effects
such as the FLR effect and the polarization effect of the gyrating particles. In this system,
the plasma oscillation (the longitudinal wave) is also excluded because of the gyrokinetic
ordering, k/k, ~ O(€), where kj, k. are the wave vectors in the parallel and perpendicular
direction to the ambient magnetic field, respectively. As a result, the global gyrokinetic
particle simulation is enabled with the simulation time step of ~ Q! and the spatial grid
size of ~ p, where €2 and p denote the gyro-frequency and the gyro-radius, respectively.

In recent years, the ITG turbulence has been studied intensively using the global [34, 35]
and local [50] gyrokinetic PIC codes. A modeling for the gyrokinetic particle simulation
tends to converge through a number of linear and nonlinear benchmarks [51]. One of the
most important physics found in those simulations is a reduction of the ion anomalous
transport due to the turbulent driven E, x B shear flows or zonal flows [35]. The genera-
tion of E, x B shear flows or E, x B zonal flows in a magnetized plasma was discussed by
several authors. Hasegawa et al. discussed a self-organization process of an electrostatic
drift wave turbulence by analogy to a Rossby wave turbulence [52]. A generation of shear
flow due to a self-organization process or an inverse wave energy cascade was shown for
the electrostatic turbulence [53]. Diamond and Kim proposed the flow generation mech-
anism based on the turbulence-induced Reynolds stress [54]. Recently, Diamond et al.
discussed the modulational instability of coherent drift waves as a mechanism of zonal flow
generation [55].

We recognize here that for keeping quasi-steady F, x B shear flows, the E, x B shear
flows should be linearly stable for perturbations destroying the flow structure. Accord-
ing to the Rayleigh necessary condition for instability, it is well known that the Kelvin-
Helmholtz (K-H) mode becomes unstable in a neutral fluid or a plasma, provided that the
flow velocity profile has an inflection point of flow shear [56]. If we assume a homogeneous
magnetized plasma in a uniform background field with sufficiently large system size that
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satisfies L, /L, < 1, the K-H mode is basically unstable for E, x B zonal flows, where L,
is a system size and L, is a characteristic scale length of flow shear. This implies that an
intrinsic stabilizing effect on the K-H modes is required for sustaining quasi-steady FE, x B
zonal flows.

From a comparison between the gyrokinetic [50] and gyro-Landau fluid [57] simulations
of the ITG turbulence, it was shown that a damping mechanism of the E, x B zonal flow
plays a critical role for determining an ion thermal diffusivity in the saturated stationary
state. Rosenbluth et al. have shown that a damping of a poloidal flow is sufficiently weak in
collisionless high temperature plasmas [58]. However, if E, x B shear flows become unstable
to the K-H mode, F, x B shear flows are destroyed easily. Therefore, it is crucial to study
the stability of E,. x B shear flows or E, x B zonal flows, especially for understanding the
transport properties of the ITB in negative shear tokamaks, where F, x B shear flows are

considered to play a critical role.

1.2 Qutline

In Section 2, basic equations are derived, and their physical meanings are discussed. In
Section 2.2, by showing the formulation of the kinetic equations from the Newton-Maxwell
equations to the Vlasov-Maxwell equations, the basis for the collisionless or Vlasov de-
scription of a plasma is discussed. In Section 2.3, the gyrokinetic Vlasov-Maxwell system
is formulated based on the Lagrangian formalism of the action variational Lie perturbation
method. In Section 2.4. a similar approach is also considered for the treatment of the
transit motion of high energy passing electrons, and the equation system is extended to in-
clude the orbit-averaged electron drift-kinetic equation [59]. This equation system enables
an efficient description of the low frequency phenomena with thermal electrons. In Section
2.5, the energy conservation low is derived from an intrinsic nature of the Hamiltonian
system, which is conserved via an area preserving property of the Lie transform.

Linear calculations for the slab I'TG mode and the slab ETG mode in the negative shear
configuration with TFTR like parameters are presented in Sections 3 and 4. In Section
3.2, the linearized gyrokinetic Vlasov-Maxwell system is formulated to derive a gyrokinetic
integral eigenvalue equation with retaining the full kinetic responses of ions and electrons.
Although a full toroidal calculation is essential for quantitative understanding of the linear
stability, it is useful to capture the underlying physics even with a preliminary sheared slab
model. In studying micro-instabilities in such a new configuration as the negative shear
configuration, it is important to restructure a linear theory of slab drift waves before doing
full toroidal calculations. Therefore, we have started a development of our code from a
sheared slab geometry.

Depending on a number of the mode-rational surfaces, the slab ITG mode in the
negative shear configuration has three types of branches: a single mode-rational surface
(Single) mode, a double mode-rational surface (Double) mode, and a Nonresonant mode.
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In Section 3.3, for the latter two modes, new analytic solutions of the negative-sheared slab
ITG (NS-ITG) [60] mode are presented using a Weber type differential eigenmode equation.
In Section 3.4, all three types of the NS-ITG modes are identified in numerical results
obtained from the gyrokinetic integral eigenvalue code. The stabilizing and destabilizing
mechanisms of the NS-ITG mode are discussed in detail based on both the fluid and kinetic
pictures.

Three types of solutions are also found for the slab ETG mode. However, unlike the
conventional theory of the ETG mode [10], it is found that the ITG and ETG modes show
different features for the present plasma parameters. In Sec 4.2, analytic solutions of the
negative-sheared slab ETG (NS-ETG) [61] mode are obtained from a new Weber type
differential eigenmode equation which is formulated with retaining the Debye shielding ef-
fect. This new eigenmode equation shows that for typical fusion plasma parameters with
M, > p2, the Debye shielding is effective for the ETG mode, while for the ITG mode,
the quasineutrality condition is imposed by the ion polarization. Here, Ap,. is the electron
Debye length and p;. is the electron Larmor radius. In Section 4.3, numerical solutions
of the NS-ETG mode is obtained by the gyrokinetic integral eigenvalue code. In Section
4.4, the obtained numerical solutions of ITG and ETG modes are compared quantitatively
with respect to the growth rate spectra, the critical values of the temperature gradient
parameter, and the mixing length estimate for the transport coefficients. From these lin-
ear calculations, it is shown that a plasma turbulence in the negative shear tokamaks is
considerably different from that in the normal shear tokamaks.

In Section 5, nonlinear simulations of the ETG turbulence [62, 63] are presented with a
gyrokinetic finite element PIC code [33]. In the numerical results, a generation mechanism
and a stability of turbulent driven E, x B zonal flows are investigated intensively. In
Section 5.2, an implementation of the gyrokinetic finite element PIC code is described. The
simulations of the Nonresonant NS-ETG mode are shown in Section 5.3. A spontaneous
generation of the F, x B zonal flows is observed in the simulations. Effects of F, x B
zonal flows on the electron anomalous transport are discussed based on the simulation
data. In Section 5.4, a stability of E, x B zonal flows is studied from a point of view of
the K-H instability. The magnetic shear stabilization of the K-H mode is shown both in
analytical and numerical calculations. A dependence of the marginal F, x B shear flow
velocity on the magnetic shear is studied using the gyrokinetic integral eigenvalue code,
which is extended to include an equilibrium E, x B shear flow. From a comparison between
linear calculations of the K-H mode and the observed E, x B zonal flow profile, it is shown
that the K-H mode plays a critical role in the underlying physics of the E, x B zonal flow
in the ETG turbulence. A possibility of controlling the E, x B zonal flow and resulting
confinement improvement is discussed. In Section 5.5, the linear stability of the ITG mode
in the presence of the E, x B zonal flows is analyzed using a gyrokinetic Fourier particle
code in which the full FLR effect is involved. From numerical results, it is shown that
the microscopic E, x B zonal flow with py/L, ~ O(1) is effective for stabilizing the ITG
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mode [64].
Finally, in Section 6, obtained new physical results are summarized, and conclusions
are presented. Remarks for future studies are also discussed.
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2 Gyrokinetic Vlasov-Maxwell system

2.1 Introduction

The Newton-Maxwell equation system is the most rigorous description of the dynamical
system consists of many charged particles. Since it is impossible to follow all the particle
motions in the system directly, some statistical treatments are required for describing a
many charged particle system or a plasma. The Vlasov-Maxwell system is considered
as a statistical description of a collisionless plasma. When a discreteness parameter is
sufficiently small like a fusion plasma, the Vlasov-Maxwell system is useful to study various
kinetic phenomena. However, in analyzing relatively low frequency waves, the frequencies
of either the collisionless drift wave or the kinetic MHD mode are much smaller than
that of basic dynamics, such as the plasma oscillation or the gyro-motion of particles. In
order to investigate the low frequency physics in fusion plasmas efficiently, the gyrokinetic
formalism [1, 2, 3, 4, 5] of the Vlasov-Maxwell equations has been developed.

In the gyrokinetic theory, time scales of a fast gyro-motion of particles and low fre-
quency waves are separated under the gyrokinetic ordering. Using the action-variational
Lie perturbation method [47, 48], a fast periodic gyro-motion, which is recognized as a
non-secular perturbation in low frequency waves, is removed from the system, and the gy-
rokinetic Vlasov-Maxwell system appropriate for a description of low frequency phenomena
is derived without losing important physics, such as the FLR effect.

A similar treatment is also considered for disparate time scales between a parallel
thermal motion, which is characterized by a bounce frequency or a transit frequency in a
toroidal plasma, and low frequency waves. Within the gyrokinetic model, we present an
orbit-averaging model [59] for high energy passing electrons. In this model, the action-
variational Lie perturbation method is applied to the treatment of the transit motion of
fast passing electrons in a slab configuration. Since the inherent nature of the Hamiltonian
system is kept in the Lie transform, a conservation low is straightforwardly derived also for
the system with the gyrokinetic and orbit-averaging model.

2.2 Vlasov-Maxwell system

By following the text book by Ichimaru [65], we derive kinetic equations for a plasma
consists of single species charged particles with a smeared-out neutralizing background
charge (or the one component plasma).

A system of many charged particles is fully described by the Newton-Maxwell equations,

dx;
'BTJ = Vi (1)
v, _ 4

2 = Lpx), @
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Vip(x,t) = 4dmg [n - ;5()( - Xj(t))} : (3)
E(x,t) = —-V¢(x,t), (4)

where z; and v; are the position and velocity of j-th particle, respectively, m is the mass,
q is the charge, n is the average number density, N is the number of particles, ¢ is the
electrostatic potential, and E(x,t) is the electric field. In Egs. (1)-(4), the electrostatic
approximation is used for simplicity.

In order to change the description of the system from Lagrangian variables to Eulerian

variables, we introduce the Klimontovich distribution function,

N(X) =2 6(X = X;(8)), (5)
X;(8) = [x;(8), vs(8)], (6)

where X;(t) denotes the j-th particle trajectory in the six-dimensional phase space. The
distribution function (5) satisfies the continuity equation in the 6 N-dimensional phase

space,
daN N . ON
R R S )
Writing the phase space coordinates explicitly and using Newton’s equation (1) and (2),
we have
ON ON q. ON
B x Tm e ®)

which is coupled with the Poisson equation (3) through the electric field (4) to obtain
a closed set of equations. By assuming a system without an external electric field, E is
represented explicitly with the analytical solution of the Poisson equation,

___ 0 N X
E(x,t) = —qb—;/dx g 9)
Substituting the expression (9) into Eq.(8), we obtain the Klimontovich equation,
[532 T L(X) - / dX'V(X, X’)N(X’)} N(X) =0, (10)
0
LX) =V o, (11)
2
N4 (o 1 ). 0
VX, X) = m (3){ |x — x’]) ov’ (12)

where L£(X) denotes a single-particle operator and V(X,X') is a two-particle operator
arising from Coulomb interaction.

The Klimontovich equation is a rigorous microscopic description of a fully ionized
plasma and gives a deterministic time evolution of a plasma in the phase space, provided
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that we could set the initial conditions for all the particles. However, it is impossible to
perform orbit calculations for ~ 102°m~3 of charged particles. From a practical point of
view, it is not necessary to obtain the time evolution of all the particles, and, therefore, we
consider a coarse-graining treatment in the following.

In the 6 N-dimensional phase space, the phase point is defined as

{Xi} = (X1, Xa,- -, Xn)- (13)

Here, we consider statistical ensembles Z for the system {X;} and introduce the Liouville
distribution D({X;};t) in the 6 N-dimensional phase space according to

D({X.};1)d {X;} = Jim 2, (14)

where Z; refers to the number of ensembles in an infinitesimal volume d {X;} around {X;}.
By the definition it satisfies the normalization condition

[a{x} DX}t =1 (15)

By using the Liouville distribution (14), the ensemble average of a microscopic quantity
A (X, Xy, -, Xn;{X;}) is defined as

(A1, X, Xn;8) = [d{X} DUX:} 04 Xy, Xa, oo, Xni {Xa)). (16)

The s-particle distribution function Fy(1,2,---,s) is obtained by averaging the Klimon-
tovich distribution as

Q1) = N(L1), (17)
F>(1,2) = (N(L;0)N(2;t)) — (1 — 2)F1(1), (18)
F3(1,2,3) = (N(LHON(2;)N(35t)) —6(1 —2)8(1 — 3)Fi(1)
—8(1 = 2)F5(2,3) — 6(2 —3)F2(3,1) — 6(3 — 1) F»(1,2), (19)
where the coordinates, X, X5, --, are replaced by simplified notations, 1,2,---. The

higher-order distributions have information of interaction between multi-particles. On the
other hand, the single-particle distribution is sufficient for a kinetic description of a col-
lective motion in a plasma. The s-particle distribution function is calculated by using the
ensemble averaged Klimontovich equation.

The Klimontovich equation (10) is written using a notation introduced above as

0
[5 + L(1) — /dX2V(1,2)N(2;t)] N(1;t) =0. (20)
Carrying out the ensemble average of this equation, we have an equation for the single-
particle and two-particle distributions,

l% + [,(1)] R(1) = /dxgv(1, 2)F3(1,2). (21)
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Here, from the symmetry of the two-particle operator V(1,2), a relation
/dX26(1 —9)V(1,2)F3(1,2) = 0, (22)

is used. For the two-particle and three-particle distributions, we transform the Klimon-
tovich equation in the following form,

[% +L(1) + /:(2)] NLHN(2:8)

- / dX3 [V(1,3) + V(2,3)] N (L N (2 N (3:1), (23)

By taking the ensemble average of Eq. (23), we obtain an equation for the two-particle
and three-particle distributions,

[gt + L(1) + L(2) — [V(1,2) + V(2, 1)]} Fy(1,2)

- / dX3 [V(1,3) + V(2,3)] Fs(1,2,3). (24)

These procedures are analogously extended to the s-particle distribution function and we
have the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy equations,

13)

O FY L6 - V)| RO

i#]

= Z/dXsHV(i,er DFyr(1,---, 8,8+ 1). (25)

Since the BBGKY hierarchy has a structure such that the s-particle distribution function
depends on the (s + 1)-particle distribution function, there is no straightforward closed
form in itself. We then consider a truncation method for the hierarchy equations.

The discreteness parameter A is defined as the inverse of the number of particles
contained in the Debye sphere,

4 -1

where n is the mean particle density and Ap is the Debye length. Since the discrete-
ness parameter A becomes extremely small parameter, ~ 1071, for typical fusion plasma
parameters, we can expand the s-particle distribution function with respect to A,

F,=FO +FO) 4 F® 4 ..., (27)

We substitute this expression to the BBGKY hierarchy equations (25) and leave only the
lowest order terms to obtain

Q+Z£ ZV@] ) FO,---,s)
ot i i#j

= Z/dXsHV(z s+ 1)FQ(1,--, 8,5 +1). (28)



12 Gyrokinetic Analysis of Micro-instabilities in Negative Shear Tokamaks JAERI 1341

In order to truncate the hierarchy equations, we introduce an ansatz that F(? is expressed

in a form of a product of single particle distribution functions,
F.s(O)(17"'78) :H[nf(z)]’ (29)

where f(7) is the normalized single-particle distribution function. Substituting this relation
into Eq.(21), we have an equation for f(i),

0 > .
[a FL) -3 vm)} £1) = n [ XV (1,2)71)£(). (30)
j=2
Writing £,V and the simplified notations 1,2, - - -, explicitly, this equation is rewritten as

ot ox 8x1 |X1 - Xgl 8v1

=< Z( : )-ailf(xl,vl). (31)

8x1 |X1 - le

[2+v1--———8—-1-—q—2n-/dX2< 0 f(X2,V2)). 0 ]f(xl,vl)

The right hand of Eq.(31) represents the many particle correlation which corresponds to
the collision operator. A small discreteness parameter of fusion plasmas A ~ 1070 enables
a description in the Vlasov limit [66], where the individuality of the particles is suppressed.
The Vlasov limit or the fluid limit is introduced by taking the limit m — 0,q — 0,n — oo,
remaining q/m,nq as constant. In this limit, the collision operator is eliminated and the
Vlasov equation is obtained,

d v /dX ( o fX2,v2)>_ d }f(xl,vl):O. (32)

ot oxy |x1 — x|/ Ovy

The Vlasov equation (32) is recognized as a conservation law of f along the characteristics
in the six-dimensional phase space. Consequently, the Vlasov-Maxwell system is the Hamil-
tonian system. The Hamiltonian structure of the Vlasov-Maxwell system is advantageous

in studying the perturbation theory and performing a nonlinear simulation.

2.3 Gyrokinetic model

In this section, the derivation of the gyro-phase averaged Vlasov-Maxwell equations using
the Lagrangian formalism [5] is shown.

Let us consider a charged particle motion in a strong background magnetic field with an
electrostatic fluctuation. For describing a charged particle motion in a strong magnetic field,
it is convenient to use the non-canonical coordinates, so-called the gyro-center coordinates,
z = (t; R,v,, M,0), where R is the position of guiding center; v, =v-b; vy =|v x b|; M
is defined as M = mv? /2Q; Q = ¢qBy/mc; m and q are the mass and charge of particles,
respectively; c is the velocity of light; the gyro-phase angle is given by § = tan™!(v-e;/v-e3)

and e, e, are the unit vector in the z- and y-directions. In this formulation, we consider
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a sheared slab geometry. Here, in addition to the uniform magnetic field By = Byb
in the z-direction, the finite sheared magnetic field B;(z) is imposed in the y-direction.
By/By ~ O(e) is assumed for describing tokamak plasmas. In this configuration, the
fundamental one-form of a perturbed single particle motion in the canonical coordinates
(t;x,V) is given by

v = %Ao(x) + %Az(x)b + mv] cdx — [%mvz + gé(x, t) | dt, (33)

where ¢ is the perturbed electrostatic potential, and Ag and A,(z)b are the vector poten-
tials describing By and Bj, respectively. In general, a transformation to the gyro-center
coordinates is performed using the Darboux transformation [47]. In the present case with
the uniform background field By, the transformation is done by using a simple gauge trans-
formation, in which a gauge scalar is chosen as —(muv_ /Bg)Ay - [cos fe; — sin fey]. We then
obtain the fundamental one-form in the gyro-center coordinates as

o = %Ao . dR, + muv,dR, + Mdf — hodt, (34)

and the Hamiltonians hg, h; are

1
hy = MQ+ Emvf, (36)

where p = b x v/{2 and R denotes the coordinate vector in the perpendicular direction
to b. Since the wavenumbers and frequency of the low frequency fluctuation, or the char-
acteristic scale lengths in tokamak plasmas can be specified, we analyze a charged particle
motion with Eqgs. (34)-(37), under the usual gyrokinetic ordering: w/Q ~ ky/ky ~ q¢/T ~
p/Ln ~ O(e), where w is the characteristic frequency of the fluctuation, kj and k, are
the wavenumbers in the parallel and perpendicular directions to b, 7" is the temperature,
and L, is the characteristic scale length of the density gradient. The unperturbed particle
motion described by the Euler-Lagrange equation of Eq. (34) involves the fast periodic
motion about 8, the gyration of a particle. We consider to transform the fundamental one-
form, Eqs. (34)-(37), to the system where the §-dependent non-secular perturbation does
not exist by using the non-canonical Lie transform. The first order Lie transform [47, 48]
is

Lo = 7, (38)
I = dSi—Livo+m, (39)
(L1o)y = 91 (0vY0u — OuYou ), (40)

where I is the fundamental one-form in the new coordinate system. Under the gyrokinetic
ordering, the generating function .S} and the generator gi' of the first order Lie transform
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are solved as:

6
S, = % / (R + p, t)db, (41)
U= — (D), (42)

R _ _C _ 195
g = qBOVRSlxb — avzb, (43)
v 1 qa
gt = —b-VeSi+—A4, (44)
as

as

g? = _B‘M}') (46)

where (-)¢ denotes a #-independent part of a quantity, A,=A,— (A,)p is the #-dependent
part of A,, and ¥ = ¢—v,A,/cis a generalized potential. It is noted that in an electrostatic
model, the §-dependence of the shear magnetic field B; = VxA,b is often ignored (4, = 0)
because of the tokamak ordering B1/By ~ O(e). We then find the fundamental one-form
in the gyro-averaged coordinates, Z = (t; R, 7., M, ),

= %AO .dR., + [(A,)5 + m5,| dR, + Mdb — hdt, (47)
where the gyro-phase averaged Hamiltonian is
- - 1
h=MQ+ Emz_)f + q{¢)g. (48)

Relations between the non-vanishing components of the Poisson tensor in the gyro-center
coordinates z and those in the gyro-averaged coordinates Z are calculated as

{RﬂhRy} = {R:va Ry} = %’ (49)
{RZavZ} = {Rza’l_)z} = _77}7,:’ (50)
{M,8} ={M,8} = —1, (51)

where {, } denotes the Poisson bracket. Since the Poisson tensor possesses a form invariance,
the area preserving property of the Hamiltonian system is kept in this transformation.
The Jacobian of the gyro-center coordinates, D, and the gyro-averaged coordinates, D,
are also unchanged, D = D = |gmBy/c|. By calculating the Euler-Lagrange equations
Z .= (0,T, —98,T,)"YoT, — d,h), we obtain equations of motion in the gyro-averaged

coordinates: )
% _ BiObXVR(¢>§+—g:—)<B>é, (52)
d;t’ = —m(JB()(B)é‘Vﬁ(QS)é, (53)
dd_f\z Y (54)
@ _ g, 0% (55)

dt oM
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We then have the gyrokinetic equation for the distribution function, F, in the gyro-averaged

coordinates,

BF b, _
5 T b><Vn<¢)é + 73;(13)6] -VgF —

where B = By + B; = VxAg + VxA,b. It is noted that, since the Hamiltonian h is not
a function of 8, F must be #-independent.

L (Bl Valdhog =0, (56)

mBO

For Eq. (56), we impose the consistency condition in the real space, x. From the
functional relationship of a scalar function in the Lie transform, the distribution functions

F in the gyro-averaged coordinates and f in the gyro-center coordinates are related as

F() =1+ g"0,)F () + O(e*), (57)

where (-) denotes dummy arguments. We then have the particle density n in the real space

as:

n(x,t) = /f R,v., M,0,8)5(R + p| — x) Dd°z

Il

/Fsz,Mt) (IR + ] - x) Dd?

+/[( 1651 ) Vi F

A ) BF L 9% 8S, OF
0v, 08 OM

+ (Eb - VS + } S([R+p] —x)Dd°Z.  (58)
In evaluating the second term in Eq. (58), we will linearize the distribution function with
a local Maxwellian,

FM(Rxa’l—)zaM) nO(R )

z

RrmTo(R,)F2 P [‘ To(R.)  2To(R.)

where ng and Tj are the background guiding center density and temperature, respectively.

MQ mv? } (59)

With retaining the leading order terms and substituting the generating function (41) into
Eq. (58), we obtain the usual polarization density,

n(x,t) = / F(R,,, M, t)8([R + 5] — x) Dd°Z

No q _ 9z 15 ]
+(27T7TLT0)3/2 /[ C]})szz TO (¢ CUZAZ)

X exp ( MQ mvz> S(IR+ p) — x) DA°Z

Ty 2T,
- / F(R,5,, M,t)5([R + p| — x) Dd°Z
=7, 2 [1 = ol o) exp(~kE D] dnexpic - ), (60)
0

where p; is the Larmor radius evaluated with the thermal velocity and Iy is the zeroth order
modified Bessel function. It is noted that, since we are considering electrostatic pertur-
bations, such as drift waves driven by density and temperature gradients, the equilibrium
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current, which appears as the drift velocity in the local Maxwellian, is ignored, and the
sheared magnetic field B is treated as an external field in the present formulation. Finally,
the self-consistency condition is imposed with the Poisson equation,

—V2¢ = dme[n;(x) — ne(x)]. (61)

Equations (56), (60) and (61) constitute a closed set of equations, which describe the low
frequency dynamics of tokamak plasmas.

2.4 Orbit-averaging model

In this section, we present an orbit-averaging model for fast passing electrons, which is
formulated under the transit time ordering. The formulation is shown for a limit of the
drift-kinetic electrons p. — 0 and the shearless or semi-local case B; — 0.
Before introducing the transit time ordering, we briefly discuss the ballistic mode [67].
By taking the drift-kinetic limit of Eq. (56), we have the electron drift-kinetic equation in
a shearless slab configuration,
OF, c

— _ € _ OFC —
5 + BObXVR¢+Uzb -VakFe+ meb'vR‘ﬁa@z =

0. (62)

We linearize the electron distribution function as F, = F.q + F,, and apply the Fourier-
Laplace transform to the perturbed distribution function F,; and the perturbed electro-
static potential ¢. We then have a perturbed distribution function,

_ Ep(t=0)  [(c/Bo)bxik:VgFu+ (e/m.)ik.(9Fu0/0%.)| $px
P+ ik, T, p + ik, T,

Feipx = , (63)
where p is a complex frequency. In Eq. (63), the second term shows the contribution from
the eigenmode of the system. The first term (the ballistic term) shows a perturbation
due to the free streaming of particles. This means that the Vlasov system conserves the
memory of an initial perturbation during the whole time. By taking the inverse Laplace
transform of the first term, the perturbation of the ballistic mode is obtained as

FelBk(t) = FelBk(t - 0) exp(—ikzﬁzt). (64)

The contribution of F,15 to the Poisson equation vanishes as ¢ — oo because of the phase
mixing; therefore, the ballistic term is not often considered in the linear analysis. However,
in a simulation which solves the initial value problem directly, the system will inevitably
contain the ballistic mode. From the comparison of the transit time 7. to the characteristic
time scale of the low frequency fluctuation (e.g., the Alfvén time 74), we have the following

relation:

TA _ Ve (ﬁ@”ﬂ (65)

Tir va Me
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where 7y, is evaluated with the electron thermal velocity v, and [ is the plasma beta. For
the case 8 ~ 5%, T4/, becomes ~ 10. Although the ballistic mode plays no important
roles in the low frequency physics in fusion plasmas, the electron ballistic mode arising
from the high energy electrons determines the Courant-Friedlichs-Lewy (CFL) condition of
the simulation system. In order to reduce the computational cost of the global gyrokinetic
particle simulation with drift-kinetic electrons, we eliminate the ballistic mode analytically
by applying a secular perturbation theory to the high energy transit electron. We separate
the time scale of the low frequency fluctuation and the transit motion of the high energy
electrons by introducing the transit time ordering w/wy, ~ O(¢€), where wy = k,vz. Since,
in the orbit analysis of the high energy transit electron, the adiabatic change is assumed for
the low frequency fluctuation of the eigenmode, the Z-dependent non-secular perturbation
is averaged over the unperturbed orbit. Consequently, the ignorable coordinate, Z, and the
corresponding adiabatic invariant appear in the perturbed orbit. In the averaging trans-
formation, we adopt the action variational Lie perturbation method as in the gyrokinetic
theory.

Let us consider the high energy electron to which we apply the transit time ordering.
By taking the limit of p. — 0 and A, — 0 in Egs. (47) and (48), we have the fundamental
one-form for the electron in the gyro-averaged coordinates,

= —SAO . dR, + m.B,dR, + Mdf — hdt, (66)
where the Hamiltonian A is

R MO, + %meﬁf _ eo. (67)

By neglecting ¢ in Eqs. (66) and (67), we obtain equations for the unperturbed orbit,
%? = u,b, (68)
d;’; ~ 0 (69)
‘-Z‘—f- _ o, (70)
2-a (71)

The particle motion in the z-direction is periodic because the periodic boundary condition
is imposed in the z-direction. This corresponds to the inherent periodicity in the toroidal
system. The unperturbed orbit of the transit electron contains the fast periodic motion
in the R,-direction. Using the non-canonical Lie transform, the fundamental one-form,
Eq. (66), is transformed to the orbit-averaged coordinates, Z = (t; X, V, M, ), where the
R,-dependent non-secular perturbation is removed. The functional relationship of the first

order Lie transform is again given as

To - F(), (72)
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T, = dS — LiTy+T1, (73)
(EIFO)V = glil(al/f‘ﬂ/,z - 8[JI—-‘0V)) (74)

where T is the fundamental one-form in the orbit-averaged coordinates. Under the transit
time ordering, the generating function S; and the generator g of the Lie transform are

solved as,
Sl = - kgo Zk L, ¢k€ a (75)
— 1 68
R _ _ -7
g = eBO —VaSixb . 3. b, (76)
g = Eb - VaSi, (77)
@ =0, (78)
g, = 0. (79)
We then have the fundamental one-form T and the Hamiltonian H in the orbit-averaged
coordinates,
Y= —EAO .dX. +m,VdZ + Mdf — Hdt, (80)
- 1
H=MQ, + §meV2 —e{9)z, (81)

where (-)z denotes a Z-independent quantity. Also for the fundamental one-forms, Egs.
(66) and (80), the non-vanishing components of the Poisson tensor are calculated as

{R:, Ry} ={X,Y}= F (82)

(Ron}= {2V} = —, 3)

Ty (84

where the Jacobian of the orbit-averaged coordinates is D, = D, = |em.By/c|. Conse-

quently, the transformation to the orbit-averaged coordinates is also the area preserving
transform. The Euler-Lagrange equations of the fundamental one-form, Eq. (80), are

dX |

— = FObXVXJ_«b) (85)
‘;—‘f = Vb, (86)
5‘2—‘; = 0, (87)
fl—d]\% = 0, (88)
@ _ q, — 29 (89)

dt oM -
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Like the symmetry about § in the gyrokinetic system, this system has another symmetry
about Z; therefore, the momentum in the Z-direction is also an adiabatic invariant in the
orbit-averaged coordinates. The change of velocity due to an adiabatic response to the low
frequency fluctuation is absorbed in the generator (77) and is proportional to the amplitude
of k, # 0 component of the electrostatic potential. Accordingly, when the instability is
weak, the high energy electrons remain in the same region of velocity space during the
whole simulation time. From equations of motion (85)-(89), we obtain the orbit-averaged
drift-kinetic equation,

0F.
En -L?O-bXVXJ_ <¢>Z . VX_Lfe = O? (90)

where F, is the electron distribution function in the orbit-averaged coordinates. Since the
Hamiltonian H is Z-independent, the 0F./0Z term does not appear in Eq. (90) and the
problem reduces to a two-dimensional problem which involves only the E x B nonlinearity.

The self-consistency condition for this equation system is also imposed in the real space
x. By using the functional relationship of a scalar function in the Lie transform, the high
energy part of the electron distribution function in the gyro-averaged coordinates, F., takes
the form:

Fo(-) = (1 + g*8.)F() + O(e?). (91)
Substituting Eq. (91) into the electron density, Eq. (58), we have
ne(x,t) = /L F.(R, 5, M, t)6(R — x)D.d°Z
+ / Fu(X1,V, B, 1)8(X — x)D.d°Z

+/ [———-szlxb Vi Fo

0F.
ov

+~—b VxS ] 8(X = x)D.d*Z + O(€?), (92)
where the electron polarization density vanishes in the drift-kinetic limit. In Eq. (92), the
first term is the contribution from the low energy part of the electron distribution function
[ which is determined by Eq. (62)] and the other terms show the contribution from the high
energy electrons. As in the case of the ion polarization density, the third term is evaluated
with the local Maxwellian;

€Nge

ne(x,t) = /LF;(S(R—x)DedGZ+/er(5(X~x)’Ded6Z+

m oo
Ny= 2o / -
*“Vor M, P [

where ng. and 75 denote the local background electron density and electron temperature

Ny (¢ — (#)z), (93)

Oe

V2
— } dv, (94)

respectively, and V., is the threshold velocity where the high and low energy part of the
electron distribution function are separated. In Eq. (93), the third term represents the
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adiabatic response of the high energy electrons to the fluctuating electric field. This is
shown clearly by taking the limit V,;, — 0. In this limit, we can see that this renormalized
term reduces to the usual adiabatic approximation, eng./To.(¢ — (¢)z). Egs. (56), (60),
(61), (62), (90), and (93) constitute a closed set of equations in which the ballistic mode
arising from the high energy transit electron is removed. Here, the threshold velocity,
V.L, must be chosen carefully in order to correctly incorporate the wave-particle resonant
interaction or the particle trapping effect.

2.5 Energy conservation

In this section, the energy conservation property [68] of the gyrokinetic Vlasov-Maxwell
system is derived by using an inherent nature of the Hamiltonian system. Let us consider
the Hamiltonian H of a single particle motion in a coordinate system z. The particle
density 2 in the phase space is written in the differential form as

Q = fDd’z, (95)

where D is the Jacobian of the coordinate system z. The Vlasov equation is written as

d
Z0=00+LQ=0, (96)

where L, is the Lie derivative along the vector field gn* generated by equations of motion.
The change of the energy in a volume element €2 along its characteristics is given as

d(HQ)  dH dQ)
a - a g
= O(H)fDd%z. (97)
In another notation, Eq. (97) is written as
d(HQ
(dt ) _ O0:(HQ) + L,(HQ)

= O,(Hf)Dd®z + 0,(gn*H fD)d°z. (98)
Combining Egs. (97) and (98), we obtain the following equality
HO,fDd%z = —0,(gn*H fD)d’z. (99)

Eq. (99) is integrated over the whole phase space to obtain the conservation law in the

Hamiltonian system,
/ H(z,t)8.f(z,t)Dd’z = 0. (100)

By applying Eq. (100) to the gyrokinetic Vlasov-Maxwell system, Eqgs. (56), (60), and
(61), we derive the energy conservation law in the total system

5 [% [imtRbdZ+ | qs<¢)§6tF3DsdGZ] o, (101)
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where s denotes the particle species, and the contribution from the adiabatic invariant, M
is omitted for simplicity. Using an expression for the particle density, Eq. (60), and the
Poisson equation, Eq. (61), the field energy ey is calculated as

d6¢, . P _
T = T [ana b0

d 1
= & Xk: [kzlébklz +> %: {1 — Io(K'% p2.) exp(— lpts)} ¢k¢k’:l . (102)

Finally, we derive a convenient form of the energy conservation law as

1 o oo 1
l:/ EmsﬁstDstZ + 8—71' zk: %{: {1 - Io(klip?s) exp( _Lpts)} ¢k¢k’]

+dit—81— |Vo?d*x =0.  (103)
A similar energy conservation law is also derived for the new gyrokinetic Vlasov-Maxwell
system including the orbit-averaged electron drift-kinetic equation, Eqs. (56), (60), (61),
(62), (90), and (93). By omitting a contribution from the new adiabatic invariant V, we

write the energy conservation law as
_ _ d o _
g— / %miz‘;zFiD,-dGZ+ Z / Y o FD.87Z

dt 8T Z Z {1 — lo(k J.Ptz) exp(— _Lptz)} PrPres

d 1

G | 1o - @l G [ IVod - (104)

dt 8w

2.6 Discussion

In this section, we have discussed about a treatment of disparate time scales involved
in the Vlasov-Maxwell system. This problem becomes crucial especially in the nonlinear
simulation which solves an initial value problem. In order to resolve this difficulty, the gyro-
motion (and the transit motion) of charged particles, which determines the CFL condition
of the simulation, is eliminated analytically by using the non-canonical Lie perturbation
method. Also, the gyrokinetic Vlasov-Maxwell equations (with the orbit-averaged drift-
kinetic equation for high energy electrons) are formulated. This equation system has the
following properties: (a) the system conserves the Hamiltonian structure of the dynamics
of the collisionless plasma, (b) the gyro-motion (and the transit motion) of charged parti-
cles and the corresponding resonance and ballistic mode are removed analytically, (c) the
polarization (and adiabatic) response is renormalized in the particle density, and important
physics such as the FLR effect (and the E x B nonlinearity) is retained. Hence, the CFL
condition of the simulation is relaxed and a low cost computation is enabled without losing
the important physical effects.

In the former work [49], a gyrokinetic PIC simulation with a time step of ~ Q;' was
reported, and the efficiency of the model was validated. In Ref. {59}, we have developed a
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new gyrokinetic PIC code using the orbit-averaging model. Using this code, a reduction of
about 70% of the computational cost has been achieved in a test simulation of the universal
mode.

Although we have applied the non-canonical Lie perturbation method only to the treat-
ment of the gyro-motion and transit motion of charged particles, this technique is quite
general. We can apply this technique to the analysis of any kind of particle orbits, provided
that the unperturbed orbit is well understood. A similar treatment can also be applied to
the bounce motion of trapped particles in the toroidal case [69], because the unperturbed
orbit of the trapped particles has a periodicity and the bounce frequency is also much higher
than the eigenfrequency of low frequency waves. Thus, the orbit averaging model provides
many promising features towards the global gyrokinetic particle simulation including the
drift-kinetic electrons.
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3 Slab ion temperature gradient driven mode

3.1 Introduction

In this section, we will clarify various stabilizing or destabilizing mechanisms of the slab
ITG mode in the negative-sheared slab configuration modeling the ITB of negative shear
tokamaks. As is mentioned in Section 1, the ITB region is characterized by a weak or zero
magnetic shear and steep density and temperature gradients, where a WKB approach is
inappropriate. Basically, the eigenmode structure and the corresponding eigenvalue are
determined by the balance between the destabilizing and stabilizing contributions, which
are related to the equilibrium profiles. For a proper treatment of these contributions, it
is required to solve the integral eigenmode equation without using any assumption among
scale lengths of an eigenmode structure and equilibrium profiles. To this end, we have
developed a gyrokinetic integral eigenvalue code [60], which involves full kinetic effects of
ions and electrons. From numerical results, it is found that a combination of the negative
shear configuration and the steep ion temperature gradient produces unique features of
the negative-sheared slab ITG (NS-ITG) mode [60]. Also, it is shown that modes which
appear in the high-k, region with k, p;; > 1, the kinetic responses of ions and electrons,
and the asymmetric FLR effect due to the steep ion temperature gradient play a significant
role in the linear stability of the NS-ITG modes. These effects were ignored in the pre-
vious works [70, 71], in which the slab ITG mode in the negative shear configuration has
been studied using the fluid type linear eigenmode equation and the corresponding WKB
shooting code [72].

In our analytical and numerical analyses, a slab geometry is used as a model configura-
tion. In the framework of the ballooning representation [12], the magnetic drift frequency
is written as wp = 2e,w}[(v] +v1/2)/v5)](cos By + 30, sin b,), where €, = Ln;/R (R is the
major radius), § = rq’/q (q is the safety factor), w} is the ion diamagnetic frequency, v and
v, are the velocities parallel and perpendicular to the ambient magnetic field, respectively,
vy is the ion thermal velocity, and 6, is the ballooning angle. Here, the contribution from
the second term disappears in a small magnetic shear region [32]. From the comparison
between the average magnetic drift frequency, (wp) ~ 2e,w}, and a typical frequency of
the ITG mode, w ~ w}; (w}; = nw}), we have a relation, (wp)/w ~ 2¢;, where 7; = Ly; /Ly
and e; = Ly /R. If we assume a steep ion temperature gradient as in the ITB region, this
relation yields (wp)/w <« 1. Consequently, a driving effect due to the magnetic drift tends
to become weak for configurations considered in the present analysis. In addition, the
toroidal mode coupling is weak in a small magnetic shear region around the gmi,-surface.
Although it may be significant to treat full toroidal effects for a quantitative evaluation of
a growth rate and a stability limit, we believe that most of features of the NS-ITG modes
can be captured in a slab model, and that a slab model is useful for the present analysis. A
slab model is advantageous in regard to an analytical treatment of the eigenmode equation,
as well as a numerical resolution in solving the gyrokinetic integral eigenmode equation.
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Drift waves in the negative shear configuration are characterized by following features:
(a) the magnetic shear stabilization disappear around the gmin-surface, (b) the variation
of the magnetic shear, ¢”, characterizes an effective potential structure in a Weber type
differential eigenmode equation, and (c) a single mode-rational surface (Single) mode, a
double mode-rational surface (Double) mode, and a Nonresonant mode appear depending
on the number of the mode-rational surfaces. The Single NS-ITG mode corresponds to
the weak shear limit [73] of the slab ITG mode. Its property is significantly affected
by a steep ion temperature gradient which produces an asymmetric eigenmode structure
with respect to the gmi,-surface through a variation of the FLR effect. The latter two
modes appear only in the negative shear configuration. The properties of these modes
are understood by an effective potential structure in a Weber type differential eigenmode
equation. For the Double (Nonresonant) NS-ITG mode, a parabolic potential well (hill)
perturbed By a fourth order potential hill is formed near the gui,-surface. Thus, the Double
(Nonresonant) NS-ITG mode becomes a bounded (oscillatory) solution around the guin-
surface, and an asymptotic solution of the NS-ITG mode behaves as the outgoing wave,
which has a stabilizing effect on the Nonresonant NS-ITG mode (an oscillatory solution).
The stability of these modes is determined locally at the gumi,-surface because ¢’ ~ 0. As
a result, the unstable region in the k, space widely spreads over the high-k, region with
kypu ~ 10. This is a remarkable feature of the NS-ITG mode clarified by the gyrokinetic
integral eigenvalue code which make analyses of micro-instabilities with &, py; > 1 possible.

3.2 Gyrokinetic integral eigenvalue code

In this section, we derive an integral eigenvalue equation based on the gyrokinetic Vlasov-
Maxwell system. We also give a numerical method for solving the linear eigenvalue problem
described as a transcendental equation.

In the present study of the ITG mode, we consider a sheared slab geometry, where the
z-direction corresponds to the radial direction, the z-direction is chosen in the direction of
the magnetic field at x = 0, and the y-direction is chosen to be normal to both the z- and
z-directions. We assume the periodic boundary condition in the y- and 2-directions, and
the fixed boundary condition with conducting walls in the z-direction. By expanding the g¢-
profile around the position z = 0, we write the g-profile as g(z) = go+gz+3ggz>+- - -, where
o, ¢ and g are evaluated at z = 0. The corresponding slab magnetic field configuration

for the normal shear case with gy # 0 is
B(z) = Byle, — z/Lsey), (105)

where L, = (¢3R)/(ghro), R is the major radius of a toroidal plasma, 7 is the minor radius
at the position x = 0, and x = 0 is the position of the mode-rational surface. For the
negative shear case with gj = 0, we choose the model magnetic configuration as

B(z) = Bole; — (-T/LnS)Zey]» (106)
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where Ln, = 1/(2¢3R)/(q{r0), and z = 0 corresponds to the position of the gmin-surface.
Here, it is noted that an inclusion of the first order shear term [71] in Eq. (106) just shifts
the position of the gmis-surface, and changes the minimum value of ¢ from go. Thus, only
the second order derivative term is retained in Eq. (106). In these model configurations,
the asymmetry of the configuration which is produced by qj’ is ignored for simplicity.

By linearizing the gyrokinetic Vlasov-Maxwell system, Eqgs. (56), (60), and (61), we
obtain the linearized gyrokinetic equations:

OF U OF,
# + FOB VaF + Fbva<¢>0 VaFo - 33 <¢>‘98 S =0, (107)
x) = /Fl ([R + ] — x) Dd°Z
= L0 5 [1 — To(k2 o7 exp(—k2 oB)] e explik - ), (108)
k
—V%p = 4me [ni1 (%) — ner (%)), (109)

where Fy is the unperturbed guiding-center distribution function, and F}, ¢ are the linear
perturbations. In Eq. (107), the gyro-average for the sheared magnetic field is ignored
because of the scale length ordering, p/Ls ~ p/Lns ~ O(e).

Since the system is symmetric in the y- and z-directions, we assume the R,- and R,-
dependences of a linear perturbation F} as a plane wave with specified k, and k,:

Fi(R,,, M,t) = F\(R,,v,, M) exp(ik, R, + ik, R, — iwt), (110)

where the time dependence is also assumed as exp(—iwt) with a complex frequency w. By
expanding the radial eigenfunction into a Fourier series, we write a perturbed guiding-center
distribution function and an electrostatic potential in a form:

(R, 0, M, t) =" Fu, (0., M) exp(ik. R + ik, Ry + ik, R, — iwt),  (111)

ks
_ 1 Ly _ _ _ - _
Fii, (0, M) = 5L ). Fy\(R.,v,, M) exp(—ik,R;)dR;, (112)
and
d(R,t) = ¢, exp(ik, R, + iky R, + ik, R, — iwt), (113)
kx
(p(R+p,t))5 = Z%Jo k1 p)exp(iks R, + iky Ry + ik R, —iwt),  (114)
Ly x_ S BdR
be. = 57 / ) exp(—ike Ry)dRs, (115)

where L, denotes the system size in the z-direction. In the Fourier series representation,
the gyro-average of a perturbed quantity is written using the zeroth order Bessel function,
Jo. By substituting these expressions into Eq. (107), we have the perturbed guiding-center
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distribution function as

wt [L—n{ — (9 + tmo?)/T}] - kymy

Fl(Rzaﬁz,M) = k”’l_J” —w
xZFo Y v, Jo(kp) exp(ik. ), (116)
k:

where ky = k-B/B, 4 = 9,B/By, n = dIn T//dIn ny, and the diamagnetic drift frequency is
w* = (k,T/mQ)(dlnny/dR;). Using a local Maxwellian (59) for the unperturbed guiding-
center distribution function, we obtain the perturbed density from Eq. (108):

Ly
n(z) = ! ZZ/L dz’ exp(ikz(z — z') + ikLx")
ke Ky )Lz

2L,

T 2

— 2 S0 — Lo(t) exp(~b')] ¢, explik,a). (117)
ks

x 04, [{To = n (3 +b0) To+ by b €2+ Tofug'e — 1)(1 +¢2)

The definitions of quantities in Eq. (117) are given as follows: Z = Z(£) is the Fried-
Conte plasma dispersion function; & = w/(v2|kylve); €& = w*/(V2kylve); b= (k2 + k2)pF;
V= (k% + k2)p%s ba = (b+ b)/2, by = VB Toba,by) = exp(—ba)lo(b); T(barby) =
exp(—bg)I1(by); and I, is the n-th order modified Bessel function. Finally, by imposing
the self-consistency condition or the Poisson equation, Eq. (109), in the Fourier space, we
derive the linear integral equation for the Fourier amplitude, ¢x,,

S L@y = 0 (118)
ki
L - 2, 1.2, 12
1 1 R
+3 5 {Fo — 75 (5 + bas) To + nsbgsrl} £ 27,
8 Ds

ATo(me€se — V(1 4+ £.2.) — {1 - Lo(8)) exp(—b;>}”, (119)

where the notation for k' is changed as ki, Ly, x,(w) are elements of the complex matrix
L(w), )%, = T,/(47ns0q?2), and s denotes the particle species. Thus, the linear stability
problem of low frequency micro-instabilities in the sheared magnetic field is formulated as
the integral eigenvalue equation. Since our interest is not only in the ITG mode, but also
in the short wavelength ETG mode, we have used the general dielectric tensor including
the electron kinetic effects in Eq. (119).

The matrix form of the integral eigenvalue equation, Eq. (118), can be reduced to the
problem of finding eigenvalues, {w;}i=1,n, of the complex matrix £, which satisfy

det £(w;) = 0. (120)

In finding a root of Eq. (120), first, we plot the contour lines of Re(det £) = 0 and
Im(det £) = 0 in a complex w-plane, and obtain guesses for the eigenfrequencies, {¢; }i=1..~,
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in a region where the eigenfrequency with the maximum growth rate exists. We then refine
guesses using a method based on the algorithm developed by Davies [74]. Although the
original algorithm can treat multiple roots simultaneously, we apply the algorithm only for
a single root case. Let us set a closed positively oriented contour, C : |w — ¢;| = 75, so that
there exists a single root, w;, in the region limited by C. Applying the residue theorem,
the eigenfrequency, w;, is written by the following integral:
i = L wg—,—(—w—)dw, (121)
2mi Jo o g(w)
where g(w) = det L(w). In order to avoid the numerical calculation of ¢'(w), we use
integration by parts to estimate Eq. (121). Since In[g] is not single-valued along the
contour, C, we rewrite the integral, Eq. (121), in the following form:
1 G (w)
2mi Jo¥ G(w)
1

= —5= ¢ WlG()dw +c (122)

Wi dw—i-q,

where G(w) = g(w)/(w — ¢;), and In[G] is single-valued along the contour, C. The integral,
Eq. (122), is evaluated using a numerical quadrature to obtain the eigenfrequency, w;.
Finally, the corresponding eigenfunction is solved using the usual inverse iterative method.

As a benchmark test, we have calculated the dispersion relations of micro-instabilities,
which were obtained in the other gyrokinetic or Vlasov integral eigenvalue code. And, we
have confirmed that our gyrokinetic integral eigenvalue code recovers the eigenfunction and
the dispersion relation of the normal-sheared slab ITG mode [75] and the normal-sheared
slab ETG mode (the 3 = 0 case in Ref. [27]).

3.3 Analytic solutions

Before showing numerical results of the gyrokinetic integral eigenvalue code, we provide
analytical results of the differential eigenmode equation [76, 77] in order to show qualitative
characteristics of the NS-ITG mode.

We try to obtain analytical solutions of the gyrokinetic Vlasov-Maxwell system under
the ordering for the phase velocity, v; < |Re(w)/kj| < ve. The differential eigenmode
equation is obtained from the quasi-neutrality condition with the gyrokinetic ion response
and the adiabatic electron response. We apply a long perpendicular wavelength approxi-
mation, b; ~ b, < 1, to the ion gyrokinetic response, Eq. (117). We then have the second
order ordinary differential equation,

% + Q)¢ =0, (123)
Q@) = k2 + T4 {T+1/Q—n:/ (20} Z; + (m:/OEE(L + g,-Zi)’ (124)

{T+1/Q +m/2N}6Z: + (n:/QEQ + &2:)
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where 7 = T, /T;, ps = \/Tpu, and each variables are normalized as follows: 0= w/wl;
i = z/ps; k, = kyps; and ¢ = e¢/T.. In this normalization, radial variation of the
temperature within an analysis domain is assumed to be weak, T ~ T, even for a finite
n, where T is an average temperature. This assumption is valid for a case with relatively
weak density and temperature gradients. Using the asymptotic expansion for the plasma
dispersion function, Z; ~ =& — 2£7* — 1£7° — -, under the fluid limit, & > 1, we have
a reduced form of the eigenmode equation [77],

7 5 e 12 I~c 2

- | $=0. 125
dz? Q4 (Lm0 R i (125)

For the normal shear case with gj # 0 or the model magnetic field, Eq.(105), the
eigenmode equation is rewritten in a form of the well-known Weber equation:

— + (= (Yo =0, (126)

where

£z, \"* . By
¢ = az, a=(—~’?> , e:a_2[—k§+~ ! .
Q4+ 1 +m)/7

In Eq. (126), k, is set to zero, because k, does not affect the stability but just shift the
mode-rational surface from x = 0. From the bounded solution in the { space and the
corresponding quantization condition for ¢, we have the eigenfunction and the dispersion

relation as follows,

H(@ = [af (vr2)]'" Hi(Q) exp(~¢?/2), (127)
e = 20+1, (128)

where [ denotes a radial mode number, H; is the [-th order Hermite polynomials, and
the eigenfunction, Eq. (127), is normalized as [ |q~§l|2d:i = 1. If we assume that the
eigenfrequency satisfies |Re({2)] > |Im(Q)|, a potential of the Weber equation, Eq. (126),
is recognized as a parabolic potential hill and the eigenfunction, Eq. (127), shows an
oscillatory feature in the Z space. The asymptotic solution of Eq. (126) is then given as

. 7 . Iinzl ~92
1 =(Ce —i—==I“), 129
e = C XP ( 2L, 0 (129)
where C is a constant. By comparing Eq. (129) with an eikonal form of WKB solution,
exp( [ k.d%), the group velocity is evaluated as

00 |Ly

'Ug = — ==
ok, k2L,

z. (130)

The asymptotic solution, Eq. (129), behaves as the outgoing wave which takes a wave
energy away from an unstable region around the mode-rational surface to a stable region
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where the wave energy is absorbed by the ion Landau damping. This stabilizing mechanism
is the shear convective damping [78].

For the negative shear case with gj = 0 or the model magnetic field, Eq. (106), the
eigenmode equation becomes

d2¢ 2 " 7
EC_2+(E_C —aC’)p =0, (131)
where
- = 1/4 -\ 3/2 ~
(=az, a= 27]%7[—13‘% a=-— kf’ :i
’ R ) o) \IZiz,)’
. 1-0Q L2,k2
-2 2 ni'vVz
e=a —k; + = + =—=].
[ Y+ +m)/r Q%Zjl

By considering « as a perturbation parameter, the perturbation theory [79] can be applied
to Eq. (131). Solving the perturbed eigenfunction @(1) and the perturbed energy level egl)
yields the eigenfunction,

5= 304w, (132)
10 = faf (va2)] " Hi(O exp(—c?/2) (133)
) o
JALELT T

and the dispersion relation,

€ = el(o) + egl) (135)
e =20 +1, (136)
eV / " act g0 dz, (137)

where <£§°) * denotes a complex conjugate of g?sl“’) . Equation (132) involves two characteristic
solutions depending on a relative sign between k, and l}y.

When &, > 0 (and k, > 0), the configuration has two mode-rational surfaces. Again,
assuming the case satisfying [Re({2)| > |Im(Q?)|, a potential in Eq. (131) is recognized
as a parabolic potential well with a fourth order perturbation, and the eigenfunction, Eq.
(132), becomes basically a bounded solution in the Z space. The linear stability problem
of the NS-ITG mode with the double mode-rational surfaces is recognized as a harmonic
oscillator perturbed by a fourth order potential. In the negative shear configuration with
two neighboring mode-rational surfaces at Z,» = +1/k, / I}yI:ns, a potential well is formed
between these mode-rational surfaces, &, < & < Z,,. From Eq. (132), the width of
the eigenfunction is evaluated as Az ~ a~!. From a comparison between the width of the
eigenfunction and that of the potential well, we obtain a relation, AZ/(Z,+—%,-) = a < 1,
i.e., the eigenfunction, Eq. (132), becomes localized within the potential well. Therefore,
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the stabilizing effect of shear convective damping does not work for the Double NS-ITG
mode.

On the other hand, when &, < 0 (and &, > 0), the configuration has no mode-rational
surface. For the eigenfrequency with |Re(£2)| > |Im(Q)|, a potential function in the eigen-
mode equation behaves as a parabolic potential hill with a fourth order perturbation. In
this case, the eigenfunction, Eq. (132), corresponds to an oscillatory solution. For an
unstable mode, the asymptotic solution is written as [70]

. 7 . If/m" ~13
1 =Cexp|—t—=——=|2|° ). 138
Jm 3= Coxp (~ig721a (138)
This solution has the group velocity of the outgoing wave:
.00 L #°
Vg = o = o 139
ok, k2L2, 2| (139)

In the nonresonant case, we expect a stabilizing effect of shear convective damping as seen
in the conventional slab ITG mode.

3.4 Numerical solutions

Using the gyrokinetic integral eigenvalue code, we have analyzed the ITG modes both
in the normal shear case and in the negative shear case. Use of the gyrokinetic integral
eigenvalue code enable us to analyze an eigenmode with a long radial correlation length,
kzp < 1, as well as a short perpendicular wavelength mode with &, p;; > 1, where the full
FLR effect becomes significant.

Major radius R = 2.6m
Gmin-surface (gmin = 2) ro = 0.3m
Magnetic field By = 4.6T
Density e = 7;=2x10¥m™3
Density gradient Lye = L,;=0.38m
Electron temperature T. 3.91keV

Ion temperature T, = 12.8keV
Electron Larmor radius | pe = 0.0325mm
Ion Larmor radius P = 2.52mm

Ion cycrotron frequency | €; = 440MHz
Electron Debye length | Ap. = 0.104mm

Table 1: Description of TFTR-like parameters used in analyses. - denotes a quantity
averaged over the region of the gmin-surface.

Parameters studied in this section are shown in Table 1. The model magnetic configura-
tion is given with L, = 2.78m(Ly;/Ls = 0.167) for the normal shear case, and L,; = 0.883m
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for the negative shear case. In the present analysis, the non-adiabatic electron response is
included for completeness, and its effect on the ITG modes in a high-k, region is exam-
ined. As for a numerical resolution, in order to exclude spurious solutions, we have used
128 modes for the k, spectrum corresponding to the system size of L, = 60.3p;;, the grid
size of Az ~ 0.471p;, and the wavenumber of k,p,; < 7. We have adopted a sine series
expansion to satisfy the conducting wall boundary condition in the z-direction.

In Fig. 1, typical eigenfunctions of the slab ITG modes are plotted for #; = 5. = 5,
which corresponds to Ly;; = Ly = 0.076m. Although this temperature gradient parameter
seems to be relatively higher than that observed in the experiment, we have chosen a steep
temperature gradient profile in order to clearly see the characteristics of the slab ITG
modes. We will discuss about the 7;-dependence of the linear stability later. In the figure,
the mode-rational surface, z,, the ion resonance point, x;, and the electron resonance point,
., are defined as ky(z,) = 0, |Re(w)/kj(z:)| = vy, and |Re(w)/kj(ze)| = vte, respectively.
Figure 1(a) shows the eigenfunction of the [ = 0 branch of the conventional slab ITG mode,
which gives the radial correlation length of Az ~ 4.92p;;. Here, the radial correlation length

Ac = (kjom) " = [(ék‘: kxlabk:l) / (%%I%I)}_l. (140)

Figure 1(b) and 1(c) show the eigenfunctions of the Single NS-ITG modes for k,p:; =~ 0.9
and k,py; ~ 0.348, respectively. Since the linear stability of the slab ITG mode does not

is defined as

depend on the sign of the magnetic shear, this case corresponds to the weak shear limit
of the normal shear case. In the weak magnetic shear region around the gu,-surface, an
unstable region of the Single NS-ITG mode satisfying vy < |Re(w)/kjj| < v is separated
into two regions, which appear in both sides of the gui,-surface, and two different types of
asymmetric modes are destabilized in these regions. Since the ion Larmor radius and the
corresponding FLR effect vary significantly in these regions under the steep ion temperature
profile, the Single mode which is destabilized in the low-T; (high-T;) side of the gmis-surface
becomes unstable in the high-k, (low-k,) region. The eigenfunctions of both modes show an
oscillatory feature, and give the almost equal radial correlation lengths, Az ~ 4.51p5;; for the
low-T; mode and Az ~ 4.32p,; for the high-T; mode. Figure 1(d) shows the eigenfunction
of the Double NS-ITG mode for k,py; ~ 1.5 and k,py; ~ 8.49 x 107* (k, ~ (goR)™!). In
this case, the ion resonance point does not appear in the ¢, side of the two mode-rational
surfaces, because of a weak magnetic shear around the gn,-surface, and a broad unstable
region satisfying v, < |Re(w)/kj| < vi appears in this region. Accordingly, the Double
NS-ITG mode, which becomes a bounded solution, has an extremely broad eigenmode
structure with Az ~ 15.0p;. It is noted that for the NS-ITG modes which are analyzed
in this section, the ratio of the radial correlation length Az to the scale length of an ion
temperature gradient L,; reaches at Az/Ly; ~ 0.5 and, therefore, the WKB procedure may
not be appropriate for the analysis of this mode. Figure 1(e) shows the eigenfunction of
the Nonresonant NS-ITG mode for k,py; ~ 1.5 and k,p; ~ —8.49 X 107, As is predicted
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Figure 1: Typical eigenfunctions of the normal-sheared slab ITG modes are plotted for
7 = nme = 5. (a) shows the [ = 0 branch of the slab ITG mode for k,p;; ~ 0.4 and
L.;/Ls = 0.167. (b) and (c) show the high-T; and low-T; branches of the Single NS-ITG
mode for k,p ~ 0.9 and k,py; ~ 0.348, respectively. (d) shows the [ = 0 branch of the
Double NS-ITG mode for k,py; ~ 1.5 and k.py; ~ 8.49x 1074, (e) shows the [ = 0 branch of
the Nonresonant NS-ITG mode for k,py; ~ 1.5 and k,py; ~ —8.49 x 10~%. The Nonresonant
NS-ITG mode shows a oscillatory feature. For the negative shear case, a scale length of the
magnetic shear has been chosen as Ly;/L,s = 0.43, and the gmin-surface is at z = 30.2p;.
In all figures, positions of the mode-rational surface, z,, the ion resonance point, z;, and

the electron resonance point, x. are also indicated by arrows.
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by the analytical solution, the eigenfunction, which is limited by two ion resonance points,
shows an oscillatory behavior. Because of this oscillatory nature, the radial correlation
length of the Nonresonant NS-ITG mode, Az ~ 8.59p;;, becomes much shorter than that
of the Double NS-IT'G mode.

Figure 2 shows the dispersion relation of the slab I'TG modes corresponding to the
modes shown in Fig. 1. It is seen that the unstable regions of the low-T; (high-T;) branch
of the Single NS-ITG mode peaks in the high-k, (low-k,) region. The Double NS-ITG
mode and the Nonresonant NS-ITG mode show similar dispersive characteristics in both
the real frequency and the growth rate. These two modes have relatively large growth rates
compared with other three branches, and the unstable regions spread up to a significantly
high-k, region with k,p,; ~ 10. In order to explain this unique feature of the NS-ITG
modes, we have analyzed the k,-dependence, Fig. 3(a), and the kj-dependence, Fig. 3(b),
of the local dispersion relation for the shearless slab ITG mode at the qmi,-surface. As
shown in Fig. 3(b), the ITG mode is basically the ion sound wave which is modified by
the density and temperature gradients, and its stability is very sensitive to k). Whereas,
in Fig. 3(a), we see that with a constant kj, the k,-dependence of the growth rate is weak
for kypi > 1. It is noted that the non-adiabatic ion response contributes to the stability
of the ITG mode in the high-k, limit, while the contribution vanishes exponentially in
the high-k, or k. limit. This is because the non-adiabatic part of the ion response, Eq.
(117), is proportional to kyp:I'o(b) or k,p;I'1(b), and in the high-k, limit, these functions
are approximated [80] as vVbIo(b) ~ 0.399 + 0.0133b™1, and v/bT"; (b) ~ 0.399 — 0.0399b7!,
respectively. What is significant in stabilizing the ITG mode is not the variation of k,
but the variation of kj, which produces the ion Landau damping in a high-k region. In
the sheared slab geometry, k, and kj are closely related by the magnetic shear. If the
magnetic shear exists in an unstable region, k increases along with the increase of k,, and
the mode is then stabilized by the ion Landau damping for &,p,; > 1. This is the kinetic
stabilizing mechanism of the normal-sheared slab ITG mode and the Single NS-ITG mode.
However, if the mode arises in a low magnetic shear region around the gmi,-surface, which
corresponds to the Double and Nonresonant NS-ITG modes, k is independent of k, and
the k,-dependence of the stability is almost determined by the local stability of the slab
ITG mode which is shown in Fig. 3(a). In this case, an unstable region with k,py; > 1 is
allowed for the Double and Nonresonant NS-ITG modes.

The destabilizing effect on the Nonresonant mode is explained from a point of view of
the kinetic theory. In Fig. 4, we plot resonance conditions of these two modes, correspond-
ing to Figs. 1(d) and 1(e). In the figure, it is considered that both modes are in a similar
situation with respect to the local stability condition around the gu;,-surface, because al-
most the same resonance region with vy < |Re(w)/ky| < v is seen. Since the linear
stability is essentially determined by the local resonance condition around the gmi,-surface,
both the Double and Nonresonant NS-ITG modes show similar behavior in the dispersion
relation. However, the Nonresonant NS-ITG mode gives a slightly lower growth rate than
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Figure 2: (a) Real frequency and (b) growth rate are plotted for the [ = 0 branch of the

normal-sheared slab ITG mode (crosses), the high-T; (open triangles) and low-T; (closed
triangles) branches of the Single NS-ITG mode, the [ = 0 branch of the Double NS-ITG
mode (open circles), and the [ = 0 branch of the Nonresonant NS-ITG mode (closed circles).

Equilibrium parameters are the same as in Fig. 1.
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Figure 3: (a) k,-dependence and (b) k,-dependence of the local dispersion relation of
the shearless slab ITG mode are plotted under conditions with (a) k., ~ 0.4, k,py =~
8.49 x 107* and (b) k.pu = kypu =~ 0.4, and 7; = 7..
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Figure 4: |kj|vs/|Re(w)| and |ky|vi/|Re(w)| are plotted as a function of z/p;; for the [ =0
branch of the Double and Nonresonant NS-ITG modes, which correspond to cases shown
in Figs. 1(d) and 1(e). The behavior of resonance, which determines the local stability, is
similar around the guin-surface at z = 30.2p;; for both cases.

that of the Double NS-ITG mode, because of a stabilizing effect of the shear convective
dumping.

In Fig. 5, the k,-dependence of the growth rate spectrum is shown for the Double and
Nonresonant NS-ITG modes. Since the local stability does not depend on the sign of k,,
both spectrums, which follow the local dispersion shown in Fig. 3(b), are approximately
symmetric about k, = 0.

In Fig. 6, the ¢"-dependence of the growth rate is shown for the Double and Non-
resonant NS-ITG modes. As the magnetic shear becomes weak, the growth rate slightly
increases for both modes. However, in the weak magnetic shear limit, the behavior is dif-
ferent between the Double and Nonresonant NS-ITG modes. In the weak magnetic shear
configuration, the unstable region, where the fluid limit approximation is valid, becomes
larger, and the stabilizing (destabilizing) effect due to the oscillatory (bounded) solution
and its asymptotic behavior strongly affects the growth rate.

Figure 7 shows the growth rates of the [ = 0 Double NS-ITG mode which are calculated
with the adiabatic electron response and the non-adiabatic electron response. Since the
unstable region in the case with the adiabatic electron response also spreads over a high-k,
region, the mode has basically the feature of ion mode even in the high-k, region. We see
an increase of the growth rate due to the non-adiabatic electron response in the high-&,
region, where the electron FLR effect is also finite, kype < 0.1. In the figure, we also see
that an unstable region exists in the considerably high-k, region with k,p; ~ 10. This
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Figure 5: k,-dependence of the growth rate is plotted for the I = 0 branch of the Double
NS-ITG mode (open circles), and the ! = 0 branch of the Nonresonant NS-ITG mode
(closed circles). Equilibrium parameters are the same as in Fig. 1 and k,py ~ 1.5.
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branch of the Double NS-ITG mode with kg ~ 1.5 and k,p; ~ 8.49 x 10~ (open circle)
and the ! = 0 branch of the Nonresonant NS-ITG mode k,p;; ~ 1.5 and k,p; ~ —8.49x10~*
(closed circle). Parameters used are the same as in Fig. 1. The magnetic configuration
used in Fig. 1 corresponds to Ly;/L,s = 0.43.
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Figure 7: Growth rates of the I = 0 Double NS-ITG mode in the case with the non-
adiabatic electron response (closed circles), and in the case with the adiabatic electron

response (open circles).

is the unique feature of the NS-ITG mode. In the high-k, region with k,p; ~ 10, the
ETG mode also becomes important. A quantitative discussion on the growth rate or the
unstable k, region of the ETG mode will be given in Section 4.

3.5 Discussion

In this section, we have analyzed the NS-ITG modes using the gyrokinetic integral eigen-
value code. In the negative shear configuration, several types of ITG modes exist due
to the peculiar properties of the magnetic configuration: the magnetic shear is very weak
around the gnyin-surface; and the configuration is determined by qj, which forms an effective
potential well (hill) in the Weber type differential eigenmode equation. Depending on the
number of the mode-rational surfaces, the NS-ITG mode is classified into three types: the
Single mode, the Double mode, and the Nonresonant mode.

In the single mode-rational surface case with k, = 0, two separate unstable regions,
which widely spread in both sides of the mode-rational surface, appear because of a very
weak magnetic shear around the gnyin-surface. In both the high-T; and low-T; regions, inde-
pendent asymmetric modes are excited. Since the ion temperature and the corresponding
FLR effect vary considerably in these regions, the high-T; (low-T;) mode has an unstable
region in the low-k, (high-k,) side.

We have shown both the analytic and numerical solutions for the Double and Nonres-
onant NS-ITG modes. In an analytical treatment using the Weber type differential eigen-
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mode equation, the Double (Nonresonant) NS-ITG mode is characterized by an parabolic
potential well (hill) perturbed by a fourth order potential hill, in which a bounded (oscil-
latory) solution is obtained around the g;,-surface. Since the asymptotic behavior of the
NS-ITG mode becomes the outgoing wave, a stabilizing effect of shear convective damping
works for the Nonresonant NS-ITG mode, and this mode gives a slightly lower growth rate
than that of the Double NS-ITG mode. These solutions are also obtained from the gyroki-
netic integral eigenvalue code. These analyses have shown that a broad unstable region
between the two mode-rational surfaces or ion resonance points. Thus, the NS-ITG modes
have an extremely broad radial eigenmode structure compared with that of the normal-
sheared slab I'TG mode. It should be noted that for the analysis of this kind of modes, which
have a long radial correlation length, the WKB approximation or the ballooning represen-
tation seems inappropriate, because the scale length ordering, Az/L,; ~ Az/L, ~ O(e),
does not hold for the steep density and temperature profiles. Another particular feature of
theses modes are that the unstable region spreads over the high-k, region with k,p;; ~ 10.
Unlike the conventional slab ITG modes and the Single NS-ITG modes, these modes are
excited in a weak magnetic shear region around the gu,-surface, where ky becomes inde-
pendent of k,. Hence, the k,-dependence of the growth rate is essentially determined locally
at the gmin-surface. In the high-k, region, the non-adiabatic electron response is impor-
tant to sustain the instability. These numerical results may explain the short wavelength
fluctuation with kgpy; ~ 5, based on the NS-ITG mode, which was observed in the TFTR
enhanced reversed shear (ERS) experiment [81]. In order to identify this short wavelength
fluctuation, a comparison with the ETG mode will be given in Section 4.
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4 Slab electron temperature gradient driven mode

4.1 Introduction

The ETG mode is considered as a candidate for the anomalous electron transport in the ITB
of negative shear tokamaks. Although a correspondence between the observed temperature
gradient parameter and its critical value for the ETG mode has been shown for the DIII-
D negative shear experiment [30] using the kinetic ballooning code [17], the level of the
electron anomalous transport induced by the ETG mode has not been estimated. For an
estimation of a transport coefficient based on the mixing length theory, it is necessary
to know a radial eigenmode structure or a radial correlation length, which is not given by
kinetic ballooning calculations. An integral eigenmode analysis is also required for the ETG
mode. In Section 3, we have shown that the NS-ITG mode becomes strongly unstable in
a region of the gmin-surface, using a gyrokinetic integral eigenvalue code. This result imply
an importance of the slab drift mode in the negative shear configuration. Since eigenmode
equations have a similar form for both the ITG and ETG modes, the slab ETG mode is
also supposed to become strongly unstable in the negative shear configuration.

In this section, we will discuss properties of the slab ETG modes in the negative shear
configuration. In the numerical results obtained from the gyrokinetic integral eigenvalue
code, the negative-sheared slab ETG (NS-ETG) modes [61] are classified into three types
as in the NS-ITG modes: the Single mode, the Double mode, and the Nonresonant mode.
In Section 3.3, we have already discussed the properties of the NS-ITG modes based on
analytic solutions obtained from the Weber type differential eigenmode equation. The
Double (Nonresonant) NS-ITG mode has a bounded (oscillatory) solution. According to
the conventional discussion for the ETG mode [10], the eigenmode equation of the slab
ETG mode is equivalent to that of the slab ITG mode, if electron quantities are replaced
with ion quantities, and similar analytic solutions are expected for both cases. However, the
numerical results show that the ETG mode has a relatively long scale length compared with
Pte, and its behavior is different from the corresponding solution of the slab ITG mode. An
analytical estimation shows that this difference comes from a consistency condition. When
AL, « pi, the quasineutrality condition is imposed by the electron polarization effect, and
the ETG mode is described by an almost identical eigenmode equation as that for the ITG
mode, where Ap, is the electron Debye length. But, for typical fusion plasma parameters or
the TFTR like parameters shown in Table 1, another limit, A%, 3> p2,, becomes valid, and
a consistency condition is dominated by the Debye shielding effect. Under this condition,
we have formulated a new eigenmode equation with retaining the Debye shielding effect.
The analytic solutions obtained from this new eigenmode equation qualitatively show a
good agreement with the numerical solutions, and their scale length is characterized by

ADe-
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4.2 Analytic solutions

In Section 3.3, we have derived analytic solutions of the Double and Nonresonant NS-ITG
modes. The same solutions are also obtained for the slab ETG mode provided that the
quasineutrality condition is imposed under A%, < pZ. However, when the Debye shielding
is dominant or A%, > pZ | a new eigenmode equation, which is essentially different from the
eigenmode equation for the slab ITG mode, is obtained with retaining the Debye shielding
effect. Consequently, characteristics of solutions for the slab ETG modes become different
from the slab I'TG modes. We will discuss qualitative features of these solutions particularly
for the negative shear configuration.

The linear stability problem of the slab ETG mode has been discussed by several
authors [10, 27], using a similar eigenmode equation to that of the slab ITG mode. For
the short wavelength ETG modes, the kinetic ion response decreases exponentially because
k% p2 > 1, and the adiabatic response can be assumed for the ion perturbed density. Again,
if we assume the phase velocity and the perpendicular wavelength as v < |Re(w)/ky| and
k2 p2, <« 1, difference between the eigenmode equations for the slab ITG and ETG modes
results in only modification for the particle species. However, it should be noted that
a validity of the quasineutrality condition is not trivial for the short wavelength ETG
mode, and that the above discussion is valid provided that the consistency condition is
dominated by the electron polarization shielding effect rather than the Debye shielding
effect, or for A3, < pZ. For the parameters used in the present analysis (see Table 1),
this condition is violated, and it is necessary to consider the opposite limit, A%, > p2.
In order to analyze the slab ETG mode under this condition, we have derived a Weber
type differential eigenmode equation with retaining the Debye shielding effect (without
using the quasineutrality condition). Under the approximation of the long perpendicular
wavelength, b, <« 1, we can reduce the integral eigenmode equation into the following
second order ordinary differential equation,

% +Q(2)$ =0, (141)
Q(i‘) = —.TCS i T+14 {1 - l/Q + ne/(QQ)}geZe - (776/9)53(1 + geZe) (142)

A2+ {1 - 1/Q =0/ W)} Ze — (ne/DEXL + £2)
where A = Ap, /pi. and the normalizations are taken to be the same as for Eq. (124), except
for the unit length, & = x/p and l~cy = kypie- By applying the fluid limit approximation,
& > 1, the plasma dispersion function is written in a form of the asymptotic expansion,

Ze ~ =71 — 3673 — 365 — ---. We then have a reduced form of the eigenmode equation
as
d2¢ - 14 7€ 1 Eszﬁ .
—.‘+ —‘k2+ PN '_(7_1)"'~ =0, 143
dz? 20+ (141n) \Q k2§12 ¢ 149

where the lowest order terms are retained by assuming A2 = \2_/p2 > 1. In Eq. (143),

we see one salient feature in the potential term, which comes from the third term in square
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parenthesis. Since the sign of this potential term, which characterizes the potential hill (or
well) structure, becomes negative for a typical case with Q2 < 1 (and Q > 0 for an electron
mode), we expect that solutions of the slab ETG mode show a different feature from the
slab ITG modes.

For the normal shear case, Eq. (143) is again written in a standard form of the Weber
equation, and the eigenfunction and the dispersion relation are respectively given by Egs.
(127) and (128), except for the definitions of variables:

~ /4 ~
1 2y - 1470
¢ = az, a=[(7—1)~’1 ) eza‘z[—kz—i— ~~+T .
Q L3 A2+ (1 +7.)
Unlike the slab ITG mode, the normal-sheared slab ETG mode becomes a bounded solution,
and a stabilizing effect of shear convective damping is not expected.

For the negative shear configuration, the eigenfunction and the dispersion relation,
which are again described by Eqgs. (132)-(137), respectively, are obtained with the following

. =, q1/4
(=aZ a= —2~kz (i—l) ~L"~ ] ,
k, \Q L2 (2

_( Z:y 3/2 1 Q2 1/2
T\ 2, 1/Q— 1122 ’

P 1+7Q 1 L2k2
€E=a _ky+ ~2~ —(T—I)T .
=20+ (1 +m) Q 2k2

For the eigenfrequency with [Re(€)| > |Im(Q)|, Eq. (132) gives an oscillatory solution in

the double mode-rational surface case with k, > 0. For ETG modes with Re(?) > 0, the
asymptotic solution is obtained as

definitions:

|z|—o00

lim ¢ = Cexp [— (% - 1)1/2 I.L"L |5:|3} : (144)

For the eigenfrequency with |Re(2)] > |Im(€)], Eq. (144) gives a damped solution. Thus,
although the eigenfunction, Eq. (132), shows an oscillatory feature, a stabilizing effect of
shear convective damping is expected to be weak. For the nonresonant case with k, < 0,
Eq. (132) becomes basically a bounded solution. Since the bounded solution gives a
relatively longer radial correlation length compared with the oscillatory solution, the Non-
resonant NS-ETG mode is likely to give a significant contribution to the electron anomalous
transport.

4.3 Numerical solutions

With the gyrokinetic integral eigenvalue code, we analyze the slab ETG mode in the neg-
ative shear model configuration. As in the NS-ITG modes shown in Section 3.4, the NS-
ETG modes are also classified into three types: the Single mode, the Double mode, and the
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Nonresonant mode. However, as shown in Section 4.2, the properties of these modes are
different from the corresponding I'TG modes, because of the Debye shielding effect. From a
quantitative comparison between calculations with and without the Debye shielding term,
we will discuss effects of the Debye shielding term on the scale length and eigenfrequency
of the ETG mode.

The TFTR like parameters shown in Table 1 are used also in the study of the ETG
mode. It is noted that these parameters correspond to the case where the quasineutrality
condition is violated for the short wavelength ETG mode, since A%,/pZ, ~ 10. The model
magnetic configuration is also the same as in Section 3.4: L; = 2.78m for the normal
shear case and L, = 0.883m for the negative shear case. As is mentioned in the previous
section, the adiabatic electron response is often used for analyses of the ITG mode and,
on the contrary, the adiabatic ion response is used for the ETG mode. Instead of these
assumptions, in the present analysis, we have retained the full kinetic responses both for
ions and for electrons, in order to make a rigorous comparison between the ITG and ETG
modes under the same conditions. In the code, 128 ~ 256 modes are used for the k;
spectrum in order to obtain a good convergence for the short wavelength ETG mode.

Figure 8 shows the eigenfunctions of the slab ETG modes, where the same temperature
gradient parameter, Ly = L, = 0.076m (1, = 1. = 5), as in Fig. 1 is adopted. In Fig.
8(al), the eigenfunction of the I = 0 branch of the normal-sheared slab ETG mode for
kypre ~ 0.235 is plotted. For this eigenfunction, the radial correlation length is evaluated
as Az ~ 0.213p;(~ 16.5p; ~ 5.16\p,), where Az is given by Eq. (140). It seems that
the characteristic scale length of the mode structure is determined basically by the Debye
shielding effect, since kzADe ~ 2T Ape J/Az ~ 1.2. In order to confirm characteristics which
are predicted in the analytical solution, the eigenfunction of the same branch which is
calculated by imposing the quasineutrality condition is also shown for k,p:. =~ 0.476 in Fig.
8(a2). In this case, the radial correlation length, Az ~ 0.1355, is much smaller than that
in Fig. 8(al). Since the eigenmode equation becomes similar to that of the slab ITG mode,
an oscillatory solution is expected for this case. However, such an oscillatory feature of
the eigenfunction is not so clear in Figs. 1(a) and 8(a2), because both eigenfunctions are
limited in a narrow region between the two kinetic resonance points, where the fluid limit
approximation is violated. Figures 8(b) and 8(c) show the eigenfunctions of the Single
NS-ETG mode for kyp;. = 0.347. In this case, two unstable regions with v, < [Re(w)/k|
exist in both sides of the gu,-surface, and the similar eigenfunctions as seen for the Single
NS-ITG mode in Figs. 1(b) and 1(c) are obtained. For both branches of the Single NS-ETG
mode in Figs. 8(b) and 8(c), the radial correlation lengths are estimated as Az ~ 0.1675;;.
Figure 8(d) shows the eigenfunction of the { = 0 branch of the Double NS-ETG mode
for kypre ~ 0.284 (and k.py ~ 8.49 x 107#). The radial correlation length becomes larger
than above two cases [see Figs. 8(a)-8(c)], Az ~ 1.20p,, and the eigenfunction shows
an oscillatory feature as is predicted by the analytical solution. Figure 8(e) shows the
eigenfunction of the / = 0 branch of the Nonresonant NS-ETG mode for k,pt ~ 0.284 (and
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Figure 8: Typical eigenfunctions of the slab ETG modes are plotted for 7; = n. = 5.
(al) shows the I = 0 branch of the normal-sheared slab ETG mode for kyp. =~ 0.235.
(a2) shows the same branch, which is obtained with the quasineutrality condition, for
kypte ~ 0.476. (b) and (c) show the high-T, and low-T, branches of the Single NS-ETG
modes for k,p;. ~ 0.347. (d) shows the [ = 0 branch of the Double NS-ETG mode for
kypte ~ 0.284 and k,py; ~ 8.49 x 107, (e) shows the [ = 0 branch of the Nonresonant
NS-ETG mode for kypt ~ 0.284 and k,py ~ —8.49 x 107%. In all cases, the equilibrium
configuration is the same as is used in Fig. 1.
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k.pu =~ —8.49 x 107*). Since the Nonresonant NS-ETG mode has a bounded solution, its
radial correlation length, Ax ~ 1.64p;, is larger than that of the Double NS-ETG mode.

In order to see a difference which comes from the Debye shielding effect, we plot the dis-
persion relations of the normal-sheared slab ETG mode obtained with the Poisson equation
[see Fig. 8(al)] and with the quasineutrality condition [see Fig. 8(a2)] in Fig. 9. Because
of a difference in the consistency condition, an unstable &, region becomes different be-
tween these two cases, and the case with the quasineutrality condition becomes unstable for
kyApe > 1, while the case with the Poisson equation has an unstable region for kyAp. < 1.
Also, the real frequency and the growth rate of the case with the quasineutrality condi-
tion are very large compared with the case with the Poisson equation, because in a high
k, region, a corresponding w; also becomes large. It is considered that analyses with the
quasineutrality condition overestimate a real frequency and a growth rate of short wave-
length micro-instabilities. It is noted that Lee et al. analyzed the slab ETG mode using
a Vlasov integral eigenvalue code with retaining the Debye shielding effect [27]. However,
since they adopted parameters with Q2/w?, = 1, i.e, A%, /pZ = 1, their numerical results
showed the unstable k, region of the slab ETG mode for k,p,. < 1, and the characteristic
scale length of ~ p, where wy, is the electron plasma frequency.

Figure 10 shows the dispersion relation of the slab ETG modes corresponding to the
five branches shown in Fig. 8. Compared with the dispersion relation of the slab ITG
mode, several qualitative differences are seen in this dispersion relation. Firstly, for the
high-T, and low-T, branches of the Single NS-ETG modes, a separation of unstable regions
in the k, space is not seen. It is considered that for a mode whose scale length is determined
mainly by the Debye shielding effect, the electron FLR effect is weak, k2 p2, ~ p2 /)%, < 1.
Secondly, the Double NS-ETG mode and the Nonresonant NS-ETG mode give the almost
equal real frequency and growth rate. This is understood from that the stabilizing effect
due to shear convective damping does not work for the Double NS-ETG mode. Also, the
unstable regions of these two types of ETG modes are limited for k,p;. < 1, while the
Double NS-ITG mode and the Nonresonant NS-ITG mode are unstable for kg, > 1.
Since the unstable &, regions are characterized by the Debye shielding effect, peaks of the
growth rates of these modes are at k, ~ 0.3p,." ~ Ap., where the electron FLR effect is
not significant.

Figures 11 and 12 show the k.-dependence and ¢”-dependence of the growth rate for
the Double and Nonresonant NS-ETG modes. As is discussed above, both modes show a
similar behavior because of an absence of a stabilizing effect due to the shear convective
damping.

4.4 Comparison between ETG mode and ITG mode

In Fig. 13, the k,-dependences of the growth rate for both the slab ITG and ETG modes,
which are taken from Figs. 2(b) and 9(b), are compared. Here, the conventional normal
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Figure 9: (a) Real frequency and (b) growth rate are plotted for the [
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= 0 branch of

the normal-sheared slab ETG mode, which are calculated by imposing the Poisson equa-

tion (crosses) and the quasineutrality condition(open circles). The eigenfunctions of these

branches are shown in Fig. 8(al) and 8(a2), respectively.
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Figure 10: (a) Real frequency and (b) growth rate are plotted for the I = 0 branch of the
normal-sheared slab ETG mode (crosses), the high-T, (open triangles) and low-T, (closed
triangles) branches of the Single NS-ETG mode, the [ = 0 branch of the Double NS-ETG
mode with k,p,; ~ 8.49 x 10~ (open circles), and the [ = 0 branch of the Nonresonant NS-
ETG mode with k,p;; ~ —8.49 x 107*(closed circles). Unlike the dispersion of the Single
NS-ITG mode, the unstable k,-regions of the two Single NS-ETG modes are not separated.
Here, the Double NS-ETG mode and the Nonresonant NS-ETG mode give almost the same
frequency and growth rate. Equilibrium parameters are the same as in Fig. 8.
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Figure 12: L,,-dependence of the growth rate is plotted for the [ = 0 branch of the Double
NS-ETG mode with kyp:e ~ 0.284 and k,p; ~ 8.49 x 10™* (open circle) and the [ = 0
branch of the Nonresonant NS-ETG mode with kyp;; ~ 0.284 and k,p; ~ —8.49 x 10~¢
(closed circle). Parameters used are the same as in Fig. 8.



JAERI 1341 4. Slab clcetron temperature gradient driven mode 49

shear case is plotted as a reference. For the negative shear case, the Double and Non-
resonant modes, which seem to give a significant contribution to the anomalous thermal
transport, are plotted. In Fig. 13, it is seen that relevant regimes of &, and Im(w) for
each branch of the slab ETG modes are larger than those of the corresponding slab ITG
modes by the ratio of py;/ Ape ~ 24. While the Double NS-ITG mode and the Nonresonant
NS-ITG mode are unstable up to kypu ~ 10, the corresponding NS-ETG modes become
marginally stable at k,Ap. ~ 3 (or kyp;, ~ 1). This difference comes from a treatment of
a consistency condition. For the ITG mode with k2 )\ <« 1, the quasineutrality condition
is imposed due to the ion polarization effect, which appears as the ion polarization density
in the integral eigenmode equation, Eq. (118). In the description including the full FLR
effect, this term approaches to a constant, —eng¢/T;, as k, increases. On the other hand,
the Debye shielding effect, which appears in the L.H.S. of the Poisson equation, Eq. (112),
continues to increase monotonically as k, increases, and, therefore, the slab ETG mode
with k; Ape > 1 becomes forbidden by the strong Debye shielding effect.
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Figure 13: The growth rates are plotted as a function of k, for both the slab ITG and ETG
modes. For both modes, the growth rates of the double mode-rational surface negative-
sheared slab mode, the nonresonant negative-sheared slab mode, and the conventional slab
mode are plotted. All results are taken from Figs. 2(b) and 9(b).

Figure 14 shows the 7;(= 7.)-dependence of the growth rates of the slab ITG mode and
the slab ETG mode. For each mode, k, and k, are chosen so that a critical temperature
gradient parameter, 7;.(= 7e.), becomes the approximately minimum value. In the normal
shear case with L,./L, = 0.167, almost the same critical value around 7n;.(= 7e.) ~ 1.8 is
given for both the slab ITG and ETG modes. On the other hand, in the negative shear
case, the NS-ITG modes give a lower critical value 7, ~ 1.5 than that in the normal shear
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Figure 14: The growth rates as a function of n;(= ) for the [ = 0 branch of the normal-
sheared slab ITG mode for k,p; ~ 0.4 (open circle), the [ = 0 branch of the Double
NS-ITG mode for k,p; ~ 1.06 and k.py =~ 4.24 x 10~* (open triangle), the | = 0 branch
of the Nonresonant NS-ITG mode for k,p; ~ 1.06 and k.p;; ~ 4.24 X 10~* (open square),
the | = 0 branch of the slab ETG mode for k,p;e ~ 0.246 (closed circle), the | = 0
branch of the Double NS-ETG mode for k,p;e ~ 0.41 and k,p;; ~ 4.24 x 10~* (closed
triangle), and the ! = 0 branch of the Nonresonant NS-ITG mode for k,p;e ~ 0.41 and
k.pe ~ 4.24 x 10~* (closed square). The same equilibrium configuration as in Fig. 1 and 8

are used. Wavenumbers are chosen so that 7;. (= 7.) becomes the approximately minimum

value in the k, and k, space.
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case, while the NS-ETG modes give an almost the same critical value 7., ~ 1.8.
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Figure 15: 7ni(= n.)-dependence of the transport coefficient estimated with the mixing
length theory, Im(w)Az?2, is plotted for both the ITG and ETG modes which are shown in
Fig. 14. For the ITG modes, the Double NS-ITG mode has a dominant contribution, while
for the ETG modes, the Nonresonant mode gives the largest contribution to the anomalous

transport.

Figure 15 shows the 7;-dependence of the transport coefficient, Im(w)Axz?, based on
the conventional mixing length theory. Parameters used in the calculations in Fig. 15 are
the same as those in Fig. 14. Hence, the transport coefficients are estimated for the modes
close to the marginal values of 7;,.. Since the radial correlation length occupies a significant
contribution to Im(w)Az?, the slab ITG modes give higher transport coefficients than the
corresponding slab ETG modes in both the normal and negative shear cases. For both the
slab ITG and ETG modes, order of magnitude higher transport coefficients are obtained
in the negative shear case compared with the normal shear case. As is predicted by the
analytic solution, the Double NS-ITG mode and the Nonresonant NS-ETG mode, which
have a bounded solution, give the largest transport coefficient in the negative shear case,
respectively. It should be noted that the transport coefficient of the Nonresonant NS-ETG
mode exceeds that of the normal-sheared slab ITG mode. This remarkable feature implies
that the electron anomalous transport arising from the slab ETG mode may become large
enough to suppress the electron temperature gradient, especially in the negative shear

configuration.
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4.5 Discussion

In this section, we have analyzed the slab ETG modes in the negative shear configuration.
In the numerical results obtained from the gyrokinetic integral eigenvalue code, the NS-
ETG mode also has three types of branches: the Single mode, the Double mode, and the
Nonresonant mode. For the Single mode, several independent branches are destabilized in
two unstable regions, which appear in both sides of the gn,-surface. Their unstable regions
are not separated in the k, space unlike the Single NS-IT'G modes, because the FLR effect
is not significant in their unstable regions with kyXDe ~ 1 (kypte ~ 0.3). The Double mode
with a broad eigenfunction becomes unstable in an interior region between the two mode-
rational surfaces. The Nonresonant NS-ETG mode with a broad eigenfunction appears
in an unstable region between the two electron resonance points. Since both the Double
and Nonresonant modes are destabilized in a weak magnetic shear region around the gu,-
surface, their stability is basically determined by the local stability at the gmi,-surface,
as in the NS-ITG modes. While the NS-ITG modes have a high-k, unstable region for
kypr < 10, their unstable regions are limited for kyp;. < 1. All these difference between
the ITG and ETG modes can be explained by the Debye shielding effect. From the mixing
length estimate of the transport coefficient, the Double and Nonresonant NS-ETG modes
seem to play an important role in the electron anomalous transport in the negative shear
configuration.

We have also shown analytic solutions of the slab ETG mode with the eigenmode
equation formulated for A% _/pZ2 > 1, or with retaining the Debye shielding effect. Com-
pared to the conventional eigenmode equation, which is obtained by changing the particle
species from ions to electrons, the new eigenmode equation for the slab ETG modes has
qualitatively different properties: the potential term has the opposite sign, and the scale
length is characterized by the Debye length. Because of these characteristics, the solutions
are classified differently. The normal-sheared slab ETG mode has a bounded solution,
and, therefore, the stabilizing effect of shear convective damping is not expected. In the
negative shear case, the Double NS-ETG mode has an oscillatory solution, and the Non-
resonant NS-ETG mode has a bounded solution. Unlike the ITG modes, the stabilizing
effect does not appear in the oscillatory solution of the Double NS-ETG mode, since the
asymptotic behavior is determined by a damped solution. All these properties predicted
in the analytical calculations have been proved in the numerical results.

In the TFTR enhanced reversed shear experiment, Wong et al. observed short wave-
length ion mode fluctuations with a typical wavenumber of k,py; ~ 5 and a frequency of
w ~ 0.08w? [81]. From a comparison of the dispersion relation with these results, we see
that at k,py; ~ 5, the unstable regions of the NS-ITG mode and the NS-ETG mode overlap
each other. Their frequency regimes are separated by the ratio of pi;/Ape. At kypy ~ 5,
their frequencies are estimated as w ~ 0.03@} for the NS-ITG mode and w ~ —0.74&} for
the NS-ETG mode. Therefore, the observed short wavelength fluctuation may be explained
by the NS-ITG mode.
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As for the transport coefficient based on the mixing length theory, a significant en-
hancement of the coefficient is observed in the negative shear configuration, because of a
large radial correlation length which is produced by a weak magnetic shear around the
gmin-surface. Since the scale lengths of the slab ITG and ETG modes disparate by the
ratio of py;/Ape, the slab ITG modes give much larger transport coefficients compared with
the corresponding ETG modes. However, it is remarkable that the transport coefficients of
the NS-ETG modes exceed that of the normal-sheared slab ITG mode. This large trans-
port coefficient indicates the electron anomalous transport due to the ETG mode, which
is enough for explaining the experimental data.

In the present analysis, we have considered a plasma with A3, _/p2 > 1. For the
toroidal magnetic field of By ~ 4.6T in TFTR, this condition does not breaks down until
the electron density increases up to ng ~ 2 x 102°m=3, where A%, /p2, ~ 1. This condition
seems to be valid for usual experimental parameters.
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5 Nonlinear simulation of ETG turbulence

5.1 Introduction

In Section 4, we have shown that the mixing length estimate for the slab ETG mode in the
negative shear configuration gives an order of magnitude larger transport coefficient than
that for the conventional normal-sheared slab ETG mode. In recent Vlasov simulation
of the ETG turbulence [62], it has been reported that the electron thermal transport is
greatly enhanced by radially elongated vortices (or streamers). These results may support
the transport data analysis for the DIII-D negative shear discharges [30], in which the
electron temperature gradient is limited by the stability of the ETG mode. The ETG
turbulence is a recent topic, and its nonlinear properties are of interest for understanding
the electron anomalous transport in tokamaks.

In this section, the ETG turbulence in a sheared slab configuration modeling the nega-
tive shear tokamak is studied using a gyrokinetic PIC simulation. Our previous gyrokinetic
PIC code [59] is modified into a finite element PIC method [33), which is stable for the
numerical instability reported in Ref. [82]. Numerical simulations with a two-and-a-half
dimensional slab model are performed for the Nonresonant NS-ETG mode, because this
mode gives a significant contribution to the electron thermal transport with the mixing
length estimate shown in Section 4.4. In a linear growth phase of the simulation, the eigen-
mode structure is characterized by radially elongated vortices, which is consistent with the
linear eigenmode structure in Section 4.2. A quasi-steady phase after a nonlinear satura-
tion of the unstable ETG mode is characterized by a wave energy cascade in a wavenumber
space and a resulting generation of F, x B zonal flows, where FE. is the radial electric field.
A spontaneous generation of the turbulent driven E,. x B zonal flows has been seen also in
recent global (gyrokinetic) particle simulations of the electrostatic ITG turbulence [35, 83].
If we assume an adiabatic ion (electron) response for the ETG (ITG) turbulence, the gov-
erning gyrokinetic equations become similar for both the ETG and ITG turbulence. The
generation of E,. x B zonal flows may be a common feature of the drift-wave turbulence.

As is discussed in Sec. 1, generation and damping mechanisms of turbulent driven
E, x B shear flows are critical issues for understanding the transport properties of negative
shear tokamaks, because it is believed that the improved energy confinement is provided
from the suppression of micro-instabilities by flow shear. Although several flow generation
mechanisms such as the self-organization of a magnetized plasma [52) or the turbulent
driven Reynolds stress [54] have been proposed, a stability of spontaneously generated
E, x B shear flows has not been discussed so far. In this section, we will study the stability
of the E, x B zonal flows observed in the simulations of the ETG turbulence, based on the
linear theory of the Kelvin-Helmholtz (K-H) mode [56).

As is shown by the Rayleigh necessary condition for instability, in a two-dimensional
plasma or a magnetized plasma with a uniform background field, the K-H mode is unstable
for E. x B shear flows which have an inflection point of flow shear, provided that the system
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size L, is sufficiently large compared with a scale length of flow shear L,, L,/L, < 1. For
sustaining quasi-steady FE, x B zonal flows, some stabilizing effect on the K-H mode is
required. Satyanarayana et al. have shown a stability condition due to the parallel electron
dynamics for the electrostatic K-H mode in a three-dimensional collisionless plasma [84].
This condition was confirmed with a particle simulation [85]. We derive a similar stability
condition of the K-H mode for the gyrokinetic Vlasov-Maxwell system describing the ETG
turbulence. In a sheared slab configuration, the parallel electron dynamics or & is produced
by the magnetic shear, and the linear stability of the K-H mode is related to the g-profile.
A linear stability analysis of the electrostatic K-H mode is performed for the negative shear
configuration with a gyrokinetic integral eigenvalue code [60], which is extended to include
the equilibrium E, x B shear flow.

A correspondence between the stability condition for the K-H mode and the flow veloc-
ity profile of spontaneously generated E, x B zonal flows is found in the simulation results.
It is shown that the K-H mode becomes unstable by changing the g-profile to reduce the
magnetic shear. An onset of the K-H mode may correspond to a collisionless damping of
quasi-steady E, x B zonal flows. A possibility of controlling E, x B zonal flows and a
resulting plasma confinement property is discussed from a point of view of the K-H mode.

5.2 Gyrokinetic finite element PIC code

In this section, we will provide a method for solving a nonlinear gyrokinetic Vlasov-Maxwell
system as an initial value problem using a gyrokinetic PIC simulation.

In the present study, we use a sheared slab geometry modeling the negative-sheared
magnetic configuration with gu;, ~ 2 for studying single helicity electrostatic perturbations
(or a two-and-a-half dimensional model). In this model configuration, the z-direction
corresponds to the radial direction, the z-direction is chosen in the direction of the ambient
magnetic field at the ¢ = 2 surface, and the y-direction is chosen to be perpendicular to
both the z- and z-directions. We assume the periodic boundary condition in the y- (and 2-)
direction, and the fixed boundary condition in the z-direction. By expanding the g-profile
around the gmin-surface at z = 0, we write the g-profile as ¢(z) = go + gjz + %q{,’:ﬁ + ..
where go = 2 + 6qo, and dqq, gy and g are evaluated at = 0. We give the corresponding
model magnetic field configuration for the negative shear configuration with g = 0 as

B(z) = Bole, — {A + (z/L.s)%}e,], (145)

where A = (8qor0)/(g2R), Lns = /(2¢3R)/(giro), R is the major radius of a toroidal
plasma, and ¢ is the minor radius at the gmi,-surface. In the model magnetic configuration,
Eq. (145), the resonance condition for the m/n = 2 mode is changed from a nonresonant
case to a single or double mode-rational surface case by varying dqo from a positive to
negative value, where m and n are poloidal and toroidal mode numbers, respectively.
Basic equations used in our simulation are the gyrokinetic Vlasov-Maxwell system, Eqgs.
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(56), (60) and (61),

ap‘g _z I 3 BFs

5 T —B%Vﬁ(@gxb + %0(13)5] - VrFs — m‘jBO (B)s- Valdlago- =0,  (146)
ne(x, t) = / Fy(R, 5,, M, )0 (R + ] — x) Dyd®Z

R S (1~ Lo(k3 2,) exp(—K2 p2)] duexplik - x),  (147)

T, <
~V2p =41 > goms(x),  (148)

where s denotes the particle species. As is discussed in Section 2, using the gyrokinetic
formalism, we can efficiently describe low frequency micro-instabilities in tokamak plas-
mas. In solving the gyrokinetic Vlasov-Maxwell system, Eqs. (146)-(148), we adopt the
conventional nonlinear characteristic § f method [86]. We write the distribution function
as

F,=Fy+6F,, (149)

where F,, and §F, are the equilibrium and perturbed part of the distribution function,
respectively. It is assumed that Fy is a local Maxwellian (59). Marker particles are
assigned only for § F, and the evolution of §F; is solved along the nonlinear characteristics
of the gyrokinetic equation (146):

dR c )

== = ——Vi{d)sjxb+ =B 1
7t BOVR<¢>0X + By (150)
dv, qs o

7 = BVl (151)

where the gyro-average for the equilibrium magnetic field is ignored because of the scale
length ordering, p/L., ~ O(e), and the gyro-average for the electrostatic potential is
approximated by a four-point averaging method [49], which is sufficient for perturbations
with k2 p2 < 1. The time integration of the nonlinear characteristics is executed by using
a predictor-corrector method. A discrete distribution function of marker particles is given
as

Gs(R,0,, M, t) = > §(R — R;)6(0, — 0,;)0(M — M;). (152)

3

Defining the particle weight of j-th particle, W,;, as

(153)

we write 8 F, as

SFy(R,0,, M, t) = > W,;6(R — R;)0(7, — 0,;)6(M — M;). (154)
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Substituting Eqs. (149), (152), (153) and (154) into the gyrokinetic equation (146), the
nonlinear evolution equation of the particle weight, W,;, is obtained as

- dR VgFy dv, 1 0Fy
- Wi | | = + — .
Z=7;(t=0) J) [dt Fyo dt Fy 07,

dWe _ _ [ Fw
dt

(155)

Gs

Z=1;(1)

The first factor in Eq. (155) reduces to (1 — W,;) provided that the initial marker particle
distribution function is chosen to be the same as the unperturbed distribution function
F,o. In our code, uniform particle loading is adopted in order to keep the same numerical
resolution in the whole configuration space.

The consistency condition is imposed by the Poisson equation (148). Since we consider
relatively short wavelength perturbations with £y Ap. < 1, an ion response is assumed to
be adiabatic under the ordering of k2 p2 > 1. It is noted that in Section 4, we have shown
that the ETG modes are unstable for ki Ape < 1 (k3 p2 <« 1 for typical fusion plasma
parameters satisfying p2 /A%, < 1). By applying the long wavelength approximation,
k% p2, < 1, to the electron polarization density (the second term in Eq.(147)), we write the

electron density as

ne(%, t) = nge + / SEL(R, 5y, M, t)8([R + pe] — x) Ded®Z — V- E;‘&pfevm. (156)

From Egs. (148) and (156), we obtain the gyrokinetic Poisson equation for electron modes,

- <v2 FV. - Ap%evl> b+ %Digb = —4ne / SEL(R, 7,, M, )8([R + pe] — x) D.dbZ. (157)
While the electron adiabatic response for modes with w/kj < vi. e.g., the ITG mode,
is produced by a fast passing motion of thermal electrons (see Section 2.4), the ion adia-
batic response for modes with k2 p% >> 1 comes from the ion polarization density. Thus,
adiabatic ions also respond to k, = k, = 0 component of the electrostatic potential. The
gyrokinetic Poisson equation, Eq. (157) is solved using a finite element PIC method [33].
By introducing the finite elements, we write the electrostatic potential ¢ and the perturbed
electron guiding-center density dg. as

¢(£L‘,y) = Z¢kAk(x7 y)) (158)
k

598(1'73/) = Z5gekAk(x’ y)7 (159)
k

Ae(z,y) = Siz(z)Siy(y), (160)

where k =iz + Ny(iy — 1), i =1 ~ N, iy = 1 ~ N,, and N,, N, are the system size in
the z- and y-directions, respectively. For a two-dimensional basis (160), we use a quadratic
spline function, S;;(z) and Sj,(y). A matrix form of the gyrokinetic Poisson equation is
written as

d Mude = 6ga, (161)
*
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1 i 1
My = —EE [(1 + )\;De) ViAy - VIAN+ )\zDiAkAl dx, (162)
1 _ _
64 = S Wes— [ [ Male, )8Ry + i) — x)xDed, (163)
J

where the four-point averaging method is used also for the gyro-average in Eq.(163) so as
not to generate a self-force. It is noted that in this algorithm, point particles are used. In a
finite element PIC method, sub-grid-scale noises are suppressed by spline functions for the
two-dimensional basis Ay, while in the standard PIC simulation, such a noise is excluded
by a form factor of finite-size-particles. In the code, the time independent linear operator
(162) is decomposed by using a Choleski decomposition in the initial time step. In each
time steps, ¢y is obtained efficiently by calculating a back-substitution.

As is shown in Section 2, the gyrokinetic Vlasov-Maxwell system is formulated so as
not to lose the inherent nature of the Hamiltonian system, and has the energy conservation
property, Eq. (104). For the reduced gyrokinetic Vlasov-Maxwell system, Eqs. (146)-(148),
an energy conservation law is given by,

d (1 oy on d 1 2 1
& | Rt G [ |96+ Zeiw g+ o] ex =0, (60

In order to estimate the accuracy of the simulation, this energy conservation law is checked
by varying a number of marker particles.

5.3 Simulation results

In this section, we will show gyrokinetic PIC simulations of the ETG turbulence. In Section
4, we have already studied linear properties of the slab ETG mode. From an estimation
of the transport coefficient based on the mixing length theory, we have shown that the
negative-sheared slab ETG (NS-ETG) mode gives an order of magnitude larger transport
coefficient compared with that for the conventional normal-sheared slab ETG mode. It has
been shown that among several branches of the NS-ETG mode, the Nonresonant mode,
which has a bounded solution due to the magnetic shear, plays the most significant role
in the electron anomalous transport. In the present study, we limit ourselves to nonlinear
simulations of the Nonresonant mode in the negative shear configuration.

The TFTR like parameters shown in Table 1 are used also in this section. The model
magnetic configuration is given with L,s = 0.624 ~ 1.25m and A = 4x107° (dgo = 0.0022).
The system sizes in the z- and y-directions are N; = 128 ~ 256 and N, = 16 ~ 64,
respectively, with the unit length or the grid size of Az = 1.43)\p, = 4.57p. It is noted
that for the present plasma parameter, the scale length of the ETG mode is characterized
by the electron Debye length, since A%,/p2 ~ 10. And, this grid size Az is sufficient for
resolving the ETG modes with k; Ap. ~ 1. The density and temperature profiles with
constant gradient parameters , L,. and L;., are chosen as in Section 4.4,
7oe (L / Lne) €xp[=(2 — Lz /2)/ Lne]

T — exp(—L2/Lne) !

noe(r) = (165)
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Toe(Lz/ L) exp[—(z — Lz/2)/ Lte]
1 — exp(—Ly/ L) ’

Toe(z) = (166)
where L, = N;Az. In the simulations, a typical time step is chosen as At ~ 0.3490; !,

5.3.1 Linear theory and convergence
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Figure 16: k,-dependence of the growth rate spectrum of the I = 0 branch of the Nonres-
onant NS-ETG mode is plotted for the single-helicity configuration (ky = k-B/B) with
Ne =1; = 5 and Ly./Lys = 0.430.

In Fig. 16, the k,-dependence of the linear growth rate, which is obtained with a
gyrokinetic integral eigenvalue code, is plotted for the I = 0 branch of the Nonresonant
NS-ETG mode with n. = n; = 5 and L,./L,s ~ 0.430. Since the shortest wavelength
included in the simulation system is kyps. ~ 0.687, the grid size is sufficient for resolving
stable modes (or energy sink) in the k, spectrum of the ETG turbulence. It is noted that
the k. spectrum of the corresponding linear eigenfunction has an amplitude for k. p:. < 0.2.
The system size in the z-direction is chosen so that the boundary condition does not affect
the simulation result. Figure 17 shows the n.-dependence of the growth rate obtained from
both the gyrokinetic integral eigenvalue code and the gyrokinetic PIC code. Parameters
used in this comparison are Lp./Lns ~ 0.430, N, x N, = 128 x 16, and a marker particle
number of 512 particles par a cell. The growth rates of the fastest growing mode agree well
in both results.

Figure 18 shows a convergence check with respect to a volume averaged electron thermal
transport coefficient . by changing a number of marker particle in a single cell for the
simulation with 7 = 7; = 5, Lne/Lns ~ 0.430, and N, x N, = 256 x 16. Here, the flux
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Figure 17: 7n.-dependence of the linear growth rate of the Nonresonant NS-ETG modes
with kypte = 0.258 is compared between the gyrokinetic integral eigenvalue code and the
gyrokinetic PIC code.
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Figure 18: The volume averaged electron thermal transport coefficient ¥, is plotted for the
simulations of the Nonresonant NS-ETG mode with a different number of marker particles.
Xe is converged with a particle number of > 512 particles par a cell.
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surface averaged electron thermal transport coefficient y., the volume averaged electron

thermal transport coefficient y., and the electron hecat flux Q. are defined as

Xe(z) = —Liy/Qe/p’o,edy, (167)
Yo =~ [ [Qu/rhdody, (16
Qe($7 y) = Z [6pekAk('T’ U)] [—C/BO¢kVAk($7 U) Xb - eI] ’ (169)

k

0per = »_(MeD2;/2+ Mer)Wej%//A[(x,y)é([Rj + Pej] — x)dxD.df, (170)
J

where pg. = %nOGT ve and L, = NyAz. As the marker particles increase, y. in the saturated
state approaches to ¥, ~ 0.150;.p% /L, where L™* = L1 + L', and 9;p% /L corresponds
to 0.44m?/s for the present simulation parameters. It is noted that the absolute value
of y. is different from y., because the linearly stable region with y. ~ 0 is involved in
the simulation system with single-helicity perturbations. In this test, a particle number
of more than 512 particles par a cell is required for obtaining a convergence of y.. Since
the maximum armplitude of the electrostatic potential in the saturated state is very small
ep/T, < 0.01, a simulation of the ETG turbulence is sensitive to the noise due to discrete
particles. Thus, an order of magnitude larger number of marker particles are required for a
good convergence than that in a gyrokinetic PIC simulation of the ITG turbulence [34, 35],
in which a marker particle number of less than 10 particles par a cell is usually used. In
the simulation results shown in the following, we have adopted a marker particle number

of 512 particles par a cell.

5.3.2 Nonlinear evolution of ETG turbulence

In Figs. 19(a)-19(d), contour plots of the electrostatic potential are shown for the simulation
of the Nonresonant NS-ETG mode with . = 7, = 5, Lye/Lyns ~ 0.430, and N, x N, =
256 x 64. Figures 20(a) and 20(b) show time evolution of the k, spectrum of the electrostatic
field energy observed in a region around the gmi,-surface (x/p,, = —146.2 ~ 146.2) and in
a F, x B zonal flow region (z/p;. = —361.1 ~ —287.9), respectively.

In the linear phase for §2; = 0 ~ 1100 [see Fig. 19(a)], the radially elongated vortex
structure appears. The k, spectrum in Fig. 20(a) peaks at kyp.. = 0.258 where the
maximum linear growth rate is given in Fig. 16. The broad radial eigenmode structure is
a characteristic feature of the NS-ETG modes which becomes unstable in a weak magnetic
shear region around the gu;,-surface.

A saturation of the Nonresonant NS-ETG mode occurs around £, ~ 1100. In the
initial saturation phase [see Fig. 19(b)], the radially elongated vortices are broken into
small scale and almost isotropic eddies. A destruction of the radially elongated vortices is
caused by E x B shear flows with k, ~ 0, which is generated by a local charge separation

arising from the electron particle transport. This process is recognized as a normal cascade
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Figure 19: Contour plots of ¢ at tQ).; = 802,1185,1917, 3067 are shown for the simulation of
the Nonresonant NS-ETG mode with . = 7; == 5, Lye/ Lyns ~ 0.430, and N x N,, = 256 x 64.
The gun-surface is z/pg. = 0.
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in the k, space. In Fig. 20(a), we see an inverse cascade process in the k, space. These
properties of the wave energy cascade in a relatively long wavelength regime with £y pse < 1
are consistent with a picture of a self-organization process in the electrostatic drift-wave
turbulence, which was discussed based on the Hasegawa-Mima equation [87]. It is noted
that through the whole time evolution, a variation of the electron temperature is estimated
as 07, /To. < 0.005. A modification of the velocity distribution function due to a particle
trapping is weak, because of a small saturation amplitude with e¢/7, < 0.003 in the initial
saturation phase. In the present simulation, the dominant nonlinear saturation mechanismn
is not the quasi-linear relaxation of the background temperature profile or a flattening
of the velocity distribution function due to a particle trapping. An important saturation
mechanism is considered to be an inverse (normal) energy cascade process in the k, (k)
space which generates F x B shear flows with k, ~ 0.

After the initial nonlinear saturation of the unstable ETG modes [see Fig. 19(c)], for
t€2; = 1200 ~ 2300, a low-k, secondary instability occurs in a linearly stable region in
both sides of the nonlinearly saturated region around the gmi,-surface. The wave number
of the secondary instability is estimated as kyp, = 0.0859 in Fig. 20(b). This unstable
k, region can not be explained by the linear growth rate of the ETG mode which peaks
around ky;\])e ~ 1 (kypre ~ 0.3). We will discuss about a mechanism of this instability
later. The k, spectrum shown in Fig. 20(b) also shows the inverse energy cascade during
the evolution of the secondary instability. This inverse energy cascade process leads to a
generation of strong F, x B zonal flows.

Finally, in the quasi-stationary phase after tQ; ~ 2400 [see Fig. 19(d)], the wave energy
condenses into the k, = 0 mode, which means a formation of F, x B zonal flows. Then,

the expansion of the secondary instability region is suppressed.

5.3.3 Effects of F x B zonal flow on y.

Figure 21 shows a time history of ¥, obtained from simulations with and without the k, = 0
mode or the F, x B zonal flows. The generation of the FE, x B zonal flow greatly decreases
Xe i the quasi-stationary phase, where the F, x B zonal flows are fairly strong. In the
initial saturation phase, both results show a similar behavior, because an important process
is not a generation of E, x B zonal flows with k, = 0 but an inverse energy cascade into
k, ~ 0 modes [see Fig. 20(a)].

Figures 22(a) and 22(b) show time histories of the radial distributions of the (k, = 0)
E. x B flow vg,«g(x) and the electron thermal transport coefficient x.(z), respectively. At
the end of the linear growth phase at t{); ~ 1100, a large x. region produced by the radially
elongated linear vortex structure is observed around the gn,-surface at x = 0. After the
saturation of the Nonresonant NS-ETG mode, this large x. region disappears, because the
radially elongated linear vortex structure is decorrelated due to the F x B shear flows with
k, ~ 0. Then, large x. regions arising from the secondary instability propagates in the
radial direction for #€2; = 1100 ~ 2300. A generation of the F, x B zonal flow is observed
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Figure 21: x. is plotted for the simulation of the Nonresonant NS-ETG mode with and
without k, = 0 component of the electrostatic potential (E, x B zonal flow). Simulation

parameters are the same as in Fig. 19.

during the nonlinear saturation of the secondary instability. The E, x B zonal flow velocity
has a large amplitude vg,.«p < 0.0159; in finite magnetic shear regions in both sides of the
Gmin-surface compared with that observed in a region of the gpmi,-surface vg, xp < 0.0020;.
After t€); ~ 2400, the quasi-steady E, x B zonal flow pattern is sustained. It is noted
that in the present simulation model, a flow damping effect due to a dissipation such as
a Coulomb collision is not involved, because the growth time of the ETG mode is shorter
than that of the I'TG mode. In the k, spectrum of the electrostatic potential fluctuation in
the large E, x B zonal flow region shown in Fig. 20(b), finite k, modes, which contributes
to the anomalous particle and heat fluxes, have relatively small amplitudes, because of an
inverse energy cascade into k, = 0 mode. An absence of finite k, modes corresponds to
a remarkable reduction of y. in the large E, x B zonal flow region. This reduction of x.
explains the difference of X, in the quasi-stationary phase between results obtained with
and without the k, = 0 mode or E, x B zonal flows [see Fig. 21].

The obtained radial profile of the quasi-steady £, x B zonal flow is non-uniform and
has a fairly large flow velocity in the small y,. region in both sides of the gu,-surface.
In a region of the gmin-surface where the Nonresonant NS-ETG mode is unstable, such a
quasi-steady E, x B zonal flow is not seen. Although an inverse energy cascade in the
k, space is observed both in the region of the gm,-surface [see Fig.20(a)] and in the large
E. x B zonal flow region [see Fig.20(b)], the wave spectrum condensation into the k, = 0
mode occurs only in the latter region. In other words, it seems that the k, = 0 mode or

E, x B zonal flows can not be sustained in the former region. Since the main difference
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Figure 22: Time histories of the radial distributions of (a) the E, x B flow velocity vg xp
and (b) the electron thermal transport coefficient x. are plotted for the simulation of the
Nonresonant NS-ETG mode shown in Fig. 19. A generation of the quasi-steady F, x B

zonal flow and a remarkable reduction of x. in the E, x B zonal flow region are observed.
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between these two regions is the magnetic shear, we suppose that the magnetic shear plays
a significant role for sustaining the E, x B zonal flows. In order to confirm this conjecture,
in the next section, we will discuss about a stability of the E,. x B zonal flow from a point
of view of the K-H instability.

5.4 Stability of F' x B zonal flow

In this section, we discuss a stability of the E, x B zonal flow. Using a gyrokinetic integral
eigenvalue code, we analyze a linear stability of the K-H mode for a model E, x B shear flow,
which is chosen based on E, x B zonal flows observed in the gyrokinetic PIC simulation.
Numerical results indicate a correlation between the observed E, x B zonal flow profile
and the K-H instability. An evidence of the K-H instability is seen in the gyrokinetic PIC
simulation, in which the equilibrium g¢-profile is changed during the quasi-stationary phase

after the nonlinear saturation.

5.4.1 Linear theory of K-H mode

In order to analyze a slab plasma with the equilibrium E, x B flow, we extend the gy-
rokinetic Vlasov-Maxwell system, Egs. (146)-(148), to include an equilibrium part of the
electrostatic potential ®. Since an obtained amplitude of the electrostatic potential which
produces the quasi-steady E, x B zonal flow is very small e®/7T, < 0.01, we treat an
equilibrium electrostatic potential ® as a quantity of the same order as the electrostatic
fluctuating potential ¢. Since the corresponding F, x B flow velocity is small compared
with the thermal velocity, vg.xp ~ 0.015%;, a correction to the definition of the mag-
netic moment is not needed in the present analysis. We then write a linear gyrokinetic
Vlasov-Maxwell system for gyrokinetic electrons and adiabatic ions as

OF,. o, _ c _
6; + E;B - VaFe — -B;vﬁébxb - VaFie
c _ e OF,
=5 Va()sxb: Vafu+ —=B-Valgly5x =0, (171)
_ _ _ o €Nge
nle(xy t) = /Fle( s Uz, M: t)é([R_*_ ﬁe] - x)DedGZ - V_L ‘ %pfevlgba (172)
1

-V + 3% = —4mens, (173)

D3

where the gyro-average for ® and the electron polarization density arising from & are
ignored because pi./L, < 1, and L, is a scale length of the E, x B flow velocity shear.
Equations (171)-(173) are derived using the same approximation as in the simulation system -
in order to analyze an equilibrium configuration which is realized in a quasi-steady state
of the gyrokinetic PIC simulation. By eliminating F}, and n,. in Egs. (171)-(173), the
gyrokinetic integral eigenmode equation is derived as

> Lk (W)r, = 0 (174)
ki
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[ (”vpe)(’“‘““” z)+dz(A%e)“ %,

[{Fo — e (3 bae) To + bl | €1 Ze+Tolnetie. — 1)(1 + geze)H . (175)
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L, k(W) = /_L dz expli(k; — km)z)

L]
Abe

where the definitions of quantities are the same as in Eqs. (118) and (119) except for the
effect of the equilibrium E, x B flow, vg,.«p = —c/BoV® xb-e,, which appears as a Doppler
shift for an eigenfrequency, & = [w — kyvE, x8]/ (\/ilk“lvte).

Before showing the numerical solution of the gyrokinetic integral eigenvalue code, we
shortly discuss the properties of the K-H mode analytically in the limit: k;pe — O,
L,. = Ly — o0, Lye = Ly — 00, Lys — 00, and ny; — 0. In this limit, the gyrokinetic
integral eigenmode equation reduces to a simple differential eigenmode equation,

d? kv o2 kd
__? + | —k2p+ yVE,xB - te ¢ =0, (176)
dz? v w— kg, xB Ab(w — kyvE,xB)?

where the plasma dispersion function is approximated as Z, ~ —£;! — 26,3 — - - - under the

fluid limit & > 1. This eigenmode equation is mathematically identical to the well-known
Rayleigh equation describing the K-H mode in a weakly inhomogeneous neutral fluid in
a gravitational field [56]. In Eq. (176), the parallel electron dynamics (the third term
in square parenthesis), which comes from an effect of the magnetic shear, plays a role of
buoyancy in a neutral fluid under a gravitational field [84]. In Eq. (176), a non-dimensional
parameter corresponding to the Richardson number in a neutral fluid is given by

ﬁzl_(L?J/’_\DrE)2
kg (’U()/’l—Jte)2 ’

where vy is a characteristic flow velocity. The marginal stability condition of the K-H mode

J= (177)

was analytically obtained for the flow shear profile of vg, xp = vo tanh(z/L,) as [88]
J=kL1-kL2). (178)

From this relation, the unstable k, and kj regions are respectively written as

0<kyL,<1, (179)
and
'UO/Q_}te 2r2 272
0< kL, < Lv//_\DekyLm/l kILZ. (180)

From the condition (180), the K-H mode is completely stabilized for

1 ’Uo/’l—Jte
kyL, > — —.
| 2\/§ Lv//\De

(181)



JAERI 1341 5. Nonlinear simulation of ETG (urbulence 69

In the limit of ky — 0, we have recovered the growth rate spectrum of the electrostatic
K-H mode for vg,xp = votanh(z/L,) [89]. This branch is numerically traced by changing
various equilibrium parameters, and the electrostatic K-H mode is identified in the negative
shear configuration.

The equilibrium electron distribution function F.y is chosen as a local Maxwellian
(59). In a slab geometry, a local Maxwellian is an equilibrium solution of the gyrokinetic
Vlasov-Maxwell system including an equilibrium potential (), because the unperturbed
characteristics satisfy ]'—%z = 0. The equilibrium density profile no.(z) which is consistent
with ®(z) is determined using the Poisson equation,

1
® = dme(ne — Noe), (182)

-V*® +
Abs

where ng; is chosen as the same profile as Eq. (165), and we assume a deviation from the
original equilibrium profile (165) for the electron density ng. as in the simulation. Although
the observed E, x B zonal flow has a global oscillatory profile with multiple periods, we
assume a model E, x B flow profile with a single period and analyze a relatively localized
mode in order to understand characteristics of the K-H mode. We write a model F, x B
flow profile as

vE,xB(%) = vo[t — z]/ Ly exp{—([z — =]/ L.)*/2 + 1/2}, (183)

where vg is a peak velocity and z. is a position of a neutral point of the E, x B flow. In
Fig. 23(a), a model E, x B flow (183) with L, ~ 14.4p is plotted for a case with z. =0,
where a scale length of flow shear L, = w/(2k;) is chosen based on the k, spectrum of
the observed E, x B zonal flow which peaks at k;pe ~ 0.109. The corresponding electron
density profile calculated from Eq. (182) is plotted in Fig. 23(b). The other parameters
are chosen as the same as the simulation parameters given in Section 5.3.

First, we show the growth rates obtained for a shearless slab configuration and discuss
about basic properties of the K-H mode. Equilibrium parameters are the same as the
simulation parameters, and the model FE, x B flow profile with L, ~ 14.4p;. and z. = 0 is
used [see Fig. 23(a)]. Figure 24(a) shows the k,-dependence of the growth rate of the K-H
mode. In the growth rate spectrum, the marginally stable k, is estimated as k,L, ~ 1.15,
and the peak of the growth rate is Im(w)L,/vo ~ 0.0636. Figure 24(b) shows the k-
dependence of the growth rate of the K-H mode with kyp.. ~ 0.0580 (k,L, ~ 0.833). The
K-H mode is stable for kjL, < 5.42x 107°. These stability conditions are comparable with
the marginally stable conditions, k,L, = 1 and kyL, ~ 7.23 x 10~°, which are given by
Egs. (179) and (180).

In Fig. 25, the k,-dependence of the growth rate of the electrostatic K-H mode is
plotted for the model E, x B flow profile with L, ~ 14.45;. and z. = 0 in the negative shear
configuration with Lpe/Ln, = 0.430. Here, k| and k, arerelated as ky =k-B/B = k,B,/B
for the single helicity perturbations, where By = Bo{A + (z/Lns)*}. In the growth rate
spectrum, the marginally stable k, is estimated as k, L, ~ 2.05, and the peak of the growth
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Figure 23: (a) model equilibrium E, X B flows and (b) the corresponding electron density
profiles used in a calculation of the electrostatic K-H mode are shown for L, ~ 14.4p;., and

z. = 0.
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Figure 24: (a) ky~dependence and (b) kj-dependence of the growth rate spectrum of the

electrostatic K-H mode are plotted for &y = 0 and kyp. = 0.0580, respectively. The

equilibrium parameters are chosen as Lype/Lns = 0, Ly, ~ 14.4pe, v ~ 0.020, and z. = 0.

Other parameters are the same as the simulation parameter.
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Figure 25: k,-dependence of the growth rate spectrum of the electrostatic K-H mode is
plotted for the single-helicity configuration (kj = k-B/B) with Ly./L,, = 0.430. Other
equilibrium parameters are the same as in Figs. 24(a) and 24(b).

rate is Im(w)L,/vp ~ 0.052. The enhancement of unstable k, region in Fig. 25 may be
explained by a driving effect due to density and temperature gradients which affect the
stability through the parallel electron dynamics or the Landau resonance.

In order to clearly see the K-H mode, we have chosen a system size as N, x N, = 256x 16
in simulations shown in the following. In this system size, only the lowest wavenumber mode
with kypie ~ 0.0859 is involved in an unstable k, region of the K-H mode.

5.4.2 Magnetic shear stabilization of K-H mode

Since the linear stability of the K-H mode is sensitive to a variation of k), it is considered
that the E, x B zonal flow profile is related to the g-profile. In Figs. 26(a)-26(d), we show
time histories of the E, x B zonal flow in simulations of the Nonresonant NS-ETG mode
with 7. = n; = 5 and different g-profiles.

In the simulation with L,./L.s = 0 shown in Fig. 26(a), quasi-steady E, x B zonal
flows are not generated. Also for other three cases, the region without E, x B zonal flows
is observed near the gm,-surface. As is shown in Fig. 22(b), the reduction of yx. is small
in this region. Consequently, in a shearless case shown in Fig. 26(a), a difference of y.
between the simulations with and without the E, x B flows is small (~ 15%) compared with
that observed in a negative shear case shown in Fig. 26(c) (~ 75%). In Figs. 26(b)-26(d),
the E, x B zonal flows are generated in the finite magnetic shear regions in both side of the
gmin-surface, and a clear correlation between the E,. x B zonal flow profile and the g-profile
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Figure 26: Time histories of the radial distribution of vg, x5 are shown for the simulation of
the Nonresonant NS-ETG mode with (a) Lye/Lns = 0, (b) Lpe/Lpns = 0.304, (¢)Lpe/Lns =
0.430, and (d) L,./Lns = 0.609. A correspondence between the g-profile and the E, x B

zonal flow region is observed.
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Figure 27: The critical E, x B flow velocity wvg. of the K-H mode with k,p;. ~ 0.0859
is plotted for the negative shear configuration with Lp./L,s = 0.304 (open squares),
Lue/Lns = 0.430 (open circles), and L,./L,s = 0.609 (open triangles). A position of
each plot corresponds to a neutral point x. of a model E, x B flow profile.

In order to show a correspondence between the observed E, x B zonal flow profile
and the K-H mode, the linear stability of the K-H mode is analyzed for the configurations
used for Figs. 26(b)-26(d). In Fig. 27, a critical E, x B flow velocity vg. to stabilize the
K-H mode is plotted for the model E, x B flow profiles with L, ~ 14.4p,, and various
neutral points z., where vg. is the maximum flow velocity given by Eq. (183). The radial
distribution of vg, is closely related to the g-profile. This result explain the feature of the
E, x B zonal flow profile observed in the gyrokinetic PIC simulation qualitatively. The
observed quasi-steady state with E, x B zonal flows is considered as a stable equilibrium
solution of the gyrokinetic Vlasov-Maxwell system. It is noted that vo. in Fig. 27 is
relatively larger than the observed E, x B flow velocity of ~ 0.015#;;. One reason is that
the model E, x B flow profile given by Eq. (183) underestimates a free energy involved in
the E, x B zonal flows of multiple periods. Also, a nonlinear destabilization due to a mode

coupling with fluctuations may be effective in the simulation.

5.4.3 Onset of K-H mode

Although we have discussed about an existence of the quasi-steady E, X B zonal flow from a
point of view of the linear stability of the K-H mode, the saturated turbulent state realized

in a quasi-steady state of the nonlinear simulation is considered to be linearly stable for
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Figure 28: Time histories of the radial distribution of vg, « g are shown for the simulation
of the Nonresonant NS-ETG mode with L,./l,s = 0.609. In a case (b), the g-profile is
changed from L./ L., = 0.609 to L./ L., = 0.304 at tQ2; = 4183. The E, x B zonal flows
around z/pg. ~ £200 decay because of an onset of the K-H mode.
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perturbations. In order to observe the K-H mode explicitly in the ET'G turbulence, we make
a linearly unstable state by artificially changing the g-profile in the simulation. Figures
28(a) and 28(b) show time histories of the F, x B zonal flows in the simulation of the
Nonresonant NS-ETG mode with 7, =1, =5, Lye/Lns ~ 0.609, and N, x N, = 256 x 16.
In Fig. 28(b), the g¢-profile is changed from L,./L,s ~ 0.609 to L,./L,, ~ 0.304 at
t(2; ~ 4183. After a change in the ¢-profile, the quasi-steady E, x B zonal flows around
x/pre ~ 1200 are destroyed, while such a change of the E, x B zonal flows is not observed
in Fig. 28(a). In Fig. 28(b), a new generation of the E, x B zonal flows is seen around
x/pre ~ £400. In this region, before the generation of the E, x B zonal flows, the secondary
instability with k,p,. ~ 0.0859 is observed again. The new E, x B zonal flow region is
expanded in the radial direction, and the new quasi-steady F, x B zonal flow profile around
x/pre ~ £400 is very similar to that observed in Fig. 26(b).

In Figs. 29(a) and 29(b), a time history of the electrostatic potential fluctuation ob-
served in the E, x B zonal flow region for 2/, = —233 ~ —183 in Fig. 28(b) is plotted for
k, = 0 and kypie ~ 0.0859 modes, respectively. After a change in the g-profile at t€2; ~ 4183,
the linear growth of the K-H mode (k,pte ~ 0.0859 mode) is seen. The damping of the
E. x B zonal flow (k, = 0 mode) occurs after the K-H mode grows up to ey, /T. ~ 0.0015.
Here, the observed growth rate of the K-H mode is Im(w)k, pte /w? ~ 0.0199. Accordingly,
it is considered that the K-H mode works as a mechanism to destroy the E, x B zonal flow.

In Figs. 29(a) and 29(b), the linear growth (Im(w)k, pre/w? ~ 0.0642) of the secondary
instability followed by the generation of the quasi-steady F, x B zonal flow is observed
for the kype ~ 0.0859 mode at ££2; ~ 2000. Properties of the secondary instability are
summarized as follows: (a) the iustability occurs in the neighborhood of the F x B shear
flow or E, x B zonal flow region, (b) the most unstable k, region of the instability around
kypre ~ 0.1 is much lower than that of the ETG mode around k,p. ~ 0.3, (c) after
the saturation of the instability, the E. x B zonal flow is generated, provided that kj is
sufficiently large, and (d) the instability propagates only in the weak magnetic shear region
with kjpe < 107°. From these properties, it is considered that the secondary instability is
the K-H mode, which becomes unstable in a front of the E x B shear flow or E, x B zonal
flow region. The propagation of the secondary instability may correspond to an avalanche
process produced by a chain of the K-H instability and an associated generation of the
E,. x B zonal flow.

Figure 30 shows a time history of x. in the simulation shown in Figs. 28(a) and 28(b).
After the change in the g-profile, we see a remarkable increase of y. due to an onset of the
K-H mode and the destruction of the E, x B zonal flow.

5.5 Linear stability of ITG mode in ETG turbulence

The last problem addressed in this section is an analysis of the ITG mode in the presence
of the ETG turbulence. As is scen in Fig. 13, the linear growth rate of the ETG mode is an
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Figure 29: (a) shows the time history of the k, spectrum of the electrostatic potential,
which is averaged over the E, x B zonal flow region for z/p,. = —233 ~ —183 in Fig.
28(b). (b) shows a log scale plot of a k,pe. ~ 0.0859 mode.
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Figure 30: Time history of x. is plotted for the simulations of the Nonresonant NS-ETG
mode shown in Fig. 28(a) and 28(b). After the onset of the K-H mode, . increases from

Xe/ (VeePe/ L) ~ 0.1 t0 Xe/(Trefie/ L) ~ 0.3.

order of magnitude larger than that of the ITG mode. In studying the ITG turbulence, it
is necessary to consider effects of the ETG turbulence even for the linear stability. In this
section, we focus on an effect of the F, x B zonal flow which is generated from the ETG
turbulence. Since the simulation of the ET'G turbulence is performed with the adiabatic
ions, the ITG mode is excluded artificially in the system. Here, we consider the gyrokinetic
ions under microscopic equilibrium F, x B zonal flows as a model configuration.

In the previous section, we have shown the gyrokinetic integral eigenmode equation
(175) including the equilibrium E, x B shear flows. In that case, the gyro-average for the
equilibrium E, x B shear flow is ignored under the ordering of ps. /L, ~ O(¢). For the case
considered in this section, the scale length ordering is changed as py;/L, ~ O(1), and the
FLR effect becomes important also for the equilibrium FE, x B shear flow. This treatment in
the gyrokinetic integral eigenvalue code becomes very complex because a velocity integral
of the plasma dispersion function requires an integration also about the magnetic moment
M. Thus, we have developed a new initial value code based on the gyrokinetic particle
simulation technique.

Since the gyrokinetic PIC code described in Section 5.2 is developed using the long
wavelength approximation k2 p?, < 1 and the four-point averaging method, the higher order
FLR effect for the microscopic E. X B zonal flow with py; /L, ~ O(1) can not be expressed.
In order to treat the full FLR effect in the gyrokinetic particle simulation, we impose the
consistency condition in the Fourier space where the FLR effect is expressed analytically
with the zeroth order Bessel function J;. We then write the nonlinear characteristics of
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the gyrokinetic equation as

dR c U,

dv, e _ )
dt - miBOB <E>97 (185)
(E)g = —Y_ ik ¢k + ®x) exp(ik - R) Sk Jo(kLps), (186)
k

where Sy is the Gaussian form factor [45] of marker particles, and ® is the equilibrium
electrostatic potential which produces the E, x B shear flows. In the present analysis, we
assume microscopic E, X B zonal flows produced by the electron density profile as shown
in the simulations of the ETG turbulence. For the gyrokinetic ions and the adiabatic
electrons, the gyrokinetic Poisson equation including the full FLR effect is obtained as

1 . 1
2 |1 — Io(k] %) exp(—k p})| di explik - ) + 59
’\Di k ’\De

~V% +
= 4re / SE(R, 5., M, 1)6([R + 5] — x) Did°Z. (187)

As in the gyrokinetic integral eigenvalue code, this linear equation is solved in the Fourier
space. A matrix form of the gyrokinetic Poisson equation (187) is written as

Y Lin kb = 0Gikm, (188)
ki
1 Lz .
Ly = Sl J L. dzexpli(k; — kn)z]
1
. [(kf PR+ o (1= BB ep(-b)} + 3|, (159
g = > Wi; DSk exp(—ik - R;) Jo(kLpij), (190)
L.L,L, %

where b; = (k + k2)pZ, and W; is the particle weight of the nonlinear §f method. It is
noted that both in Egs. (186) and (190), the gyro-average is evaluated analytically, and
this scheme makes the treatment of the full FLR effect possible for the electric field with an
arbitrary wavelength. Although we have developed a nonlinear gyrokinetic Fourier particle
code, we apply this code only to linear calculations in this section. Since the system is
symmetric in the y- and z-directions, k, and k, are specified by assuming a plane wave.
The calculation is performed for the [ = 0 branch of the Double NS-ITG mode with
kypr ~ 0.833. The equilibrium parameters are chosen as the same as the analyses shown
in Figs. 1 and 2. For the linear analysis of the ITG mode with k,p;; < 1, the adiabatic
electron response is appropriate as discussed in Section 3.4. A model velocity profile of the

equilibrium E, x B zonal flow is chosen as the sinusoidal function,
vE, xB(Z) = vosin([r/2L,)x), (191)

where the flow shear parameter is chosen as L, ~ 16.7ps (/L. ~ 4.59) based on the
E. x B zonal flow profile observed in the simulation.
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Figure 31: (a) Real frequency and (b) growth rate of the [ = 0 branch of the Double NS-
ITG mode with k,p;; ~ 0.833 are plotted against vo/?;; (open circles). The eigenfrequency
without the equilibrium zonal flow obtained from the gyrokinetic integral eigenvalue code
is shown for the comparison (broken line). The mode is stabilized by the sinusoidal E,. x B
zonal flow with vo/7y; ~ 0.005.
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Figure 32: Resonance conditions with (vo/?s = 0.004) and without (vo = 0) the E, x B
zonal flow are compared. In the case with the E, x B zonal flow, the gyro-average is

evaluated for thermal ions with p; = py;.

Figures 31(a) and 31(b) show the vo-dependence of the real frequency and the growth
rate of the Double NS-ITG mode. While the real frequency is insensitive to a change in
vp, the microscopic F, x B zonal flow is remarkably effective for stabilizing the NS-ITG
mode, and the marginally stable condition is given in a very small £, x B flow velocity
with vo/Ty ~ 0.005. In order to understand the stabilizing mechanism, the resonance
condition, |kj|vi/|Re(w) — ky(vE.xB)gl, is plotted for the cases with and without the E, x B
zonal flow in Fig. 32, where the gyro-average is evaluated for thermal ions, (vg,xg)§ =
vosin([r/2L,)2)Jo([7/2Ly)ps). Since the real frequency is almost constant, the resonance
condition is not changed on average. However, in a wide range of the unstable region
around the gu;,-surface, the local resonance condition is shifted from the most unstable
condition due to the Doppler shift with the microscopic £, x B zonal flow. This property
that the resonance condition is shifted without changing the real frequency is a unique
stabilizing mechanism of the microscopic F, X B zonal flow. It is noted that such a change
in the resonance condition can not be expected for the global F, x B shear flow, because

the real frequency is also shifted to sustain the instability.

5.6 Discussion

In this section, we have studied nonlinear dynamics of the ETG turbulence using a gy-
rokinetic finite element PIC code. In a negative-sheared slab configuration, simulations are
performed for nonresonant single-helicity perturbations, because the Nonresonant NS-ETG
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mode is considered to play a significant role in the electron anomalous transport based on
the mixing length estimate. The principal results observed in the nonlinear simulation of
the Nonresonant NS-ETG mode are summarized as follows:(a) in the linear growth phase,
a radially elongated vortex structure predicted by the linear theory appears, (b) in the
initial saturation phase, a saturation of the ETG mode is produced by an inverse (normal)
wave energy cascade in the k, (k:) space, which tends to generate F x B shear flows, (c)
after the saturation of the ETG mode, the secondary instability followed by a generation
of the E,. x B zonal flows occurs and the E; x B zonal flow region is expanded in the radial
direction, and (d) in the quasi-stationary phase, the quasi-steady E, X B zonal flows, which
are stable for the K-H mode, is sustained, and a remarkable reduction of y,. is observed in
the F, x B zonal flow region.

In the quasi-steady state of the simulation, the electron thermal transport coefficient
is estimated as xe ~ Uwps/L ~ 0.44m?/sec (. ~ 0.30:p% /L ~ 0.13m?/sec), where
L' = L7} + L;!. This coefficient is apparently comparable with X. observed in the
ITB of the negative shear tokamaks {24, 30]. As was shown in the global gyrokinetic
PIC simulation of the ITG turbulence [35], the E. x B zonal flow generated by the ETG
turbulence is effective for a reduction of y.. However, the mechanism of the reduction of
the anomalous transport is different. In our simulation, the reduction of x. is explained
by a decay of finite k, modes due to a strong spectrum condensation into k, = 0 mode
which does not contribute to the anomalous x.. On the other hand, the reduction of the
anomalous y; was explained by suppression and decorrelation of large vortices due to E, x B
zonal flows in the ITG turbulence [35].

The observed E, x B zonal flow profile has a large amplitude vg, «p ~ 0.0157; only in
finite magnetic shear regions in both sides of the guin-surface, although an inverse energy
cascade in the k, space is observed also in a region of the gy -surface. The E, x B zonal
flow profile is closely related to the g-profile. From the linear stability analysis of the K-H
mode, the parallel electron dynamics, which comes from an effect of the magnetic shear,
has a stabilizing effect on the K-H mode. The observed E, x B zonal flow profile may
be explained by the local critical E,. x B flow velocity due to the magnetic shear or kj
stabilization. The K-H mode play a critical role in the underlying physics of the E, x B
zonal flow in the ETG turbulence.

In the simulation shown in Fig. 28(b), quasi-steady E, x B zonal flows decay by
changing the g-profile to reduce the magnetic shear. This result indicates that the K-H
mode works to destroy the F, x B zonal flow in a collisionless plasma. A quasi-steady
E, x B zonal flow is determined by a competition between a flow generation process due to
an inverse energy cascade in the k, space and a flow destruction due to the K-H mode. The
simulation results show a possibility of controlling the E, x B zonal flow and the resulting
confinement property by changing the g-profile.

The linear stability analysis of the ITG mode in the presence of a microscopic model
E. x B flow has shown that the £, x B zonal flow with p;;/L, ~ O(1) is effective for
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stabilizing the ITG mode. If a generation of the microscopic E, X B zonal flow is a
universal property of the ETG turbulence in the negative shear configuration, this result
may explain the observation that y; is reduced to a level of the neoclassical transport in
the ITB region.
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6 Conclusions

The gyrokinetic Vlasov-Maxwell system is the most rigorous kinetic description of the low
frequency dynamics in a collisionless high temperature tokamak plasmas. In this work,
we have analyzed linear and nonlinear properties of micro-instabilities particularly for the
negative shear configuration, based on the gyrokinetic theory.

In the gyrokinetic Vlasov-Maxwell system, low frequency phenomena in tokamak plas-
mas are described efficiently without losing important kinetic effects, such as the Landau
resonance and the FLR effect. In the gyrokinetics, a gyro-phase dependent part of per-
turbations, which is recognized as a non-secular perturbation in analyzing low frequency
waves, is removed from the Vlasov-Maxwell system using the action-variational Lie pertur-
bation method. Since an inherent nature of the Hamiltonian system is conserved due to
the area preserving property of the Lie transform, the gyrokinetic Vlasov-Maxwell system
is appropriate for studying nonlinear dynamics via a computer simulation. We have ap-
plied this technique also to the treatment of fast passing motion of high energy drift-kinetic
electrons, and the orbit-averaging model has been developed in the gyrokinetic simulation.
The model will be extended to include a bounce motion of trapped particles in a toroidal
plasma. Since a low cost simulation of low frequency waves with drift-kinetic electrons was
demonstrated [59], this model possesses a promising feature for future application of the
global gyrokinetic simulation to low frequency kinetic phenomena such as the collisionless
tearing mode [90], where electrons play a crucial role.

One of the goals in this work has been the linear analysis of micro-instabilities in a weak
magnetic shear region around the gpi,-surface, where a WKB approach can not be used. To
this end, we have developed a gyrokinetic integral eigenvalue code. Numerical results have
shown that both the slab ITG mode and the slab ETG mode become strongly unstable
around the gni,-surface, and they have three types of branches depending on the number
of mode-rational surfaces: a single mode-rational surface (Single) mode, a double mode-
rational surface (Double) mode, and a Nonresonant mode. We have derived new analytic
solutions for the Double and Nonresonant modes, which have a significant contribution to
the anomalous transport based on the mixing length estimate. The properties of these

modes are summarized as follows:

NS-ITG mode

(a) The Double (Nonresonant) NS-ITG mode becomes a bounded (oscillatory) solution
around the gp;,-surface.

(b) Since this mode is excited in the weak magnetic shear region around the gui,-surface,
the stability is basically determined locally at the g,i,-surface.

(c) The unstable k, region of the NS-ITG mode spreads up to kypi; ~ 10 by following
the local dispersion, while that of the normal-sheared slab I'TG mode is limited for
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kypt‘i < 1

(d) The eigenfunctions have a broad radial eigenmode structure around the gmin-surface,
and their radial correlation lengths are several times larger than that of the normal-
sheared slab I'TG mode.

NS-ETG mode

(a) For typical fusion plasma parameters with pZ,/A}, < 1, the properties of the ETG
mode become different from the ITG mode, because of the Debye shielding effect.

(b) The Double (Nonresonant) NS-ETG mode becomes a oscillatory (bounded) solution
around the gmis-surface.

(c) The stability is determined locally at the gmin-surface, but the unstable k, region is
limited for kypse < 1, because the scale length is characterized by Ap..

(d) The NS-ETG mode has an order of magnitude larger radial correlation length than
that of the conventional normal-sheared slab ETG mode.

These particular properties of the NS-ITG mode and the NS-ETG mode have been clarified
for the first time by the present analyses with the gyrokinetics. We have shown that several
approximations or assumptions used in the conventional stability theory are inappropriate
especially for the negative shear tokamaks. Although a reduced model such as the fluid
model is useful for understanding physics qualitatively from the obtained numerical re-
sults, the gyrokinetic model is indispensable for a complete description of the drift-wave
turbulence.

The main object in the study of the drift-wave turbulence is to investigate physics of
a plasma turbulence as well as an estimation of the transport coefficient. In the normal
shear case, the linearly unstable k, region of the ITG mode for kyp; < 1 and that of
the ETG mode for k,Ap. < 1 are separated each other. This may imply that the ITG
turbulence is independent of the ETG turbulence, and that a simulation model of the
ITG turbulence assuming adiabatic electrons is usable for a conventional normal shear
configuration. In the negative shear case, their unstable regions overlap each other around
kypei ~ 10 (kyApe ~ 0.4). In other words, in the wavenumber space, an energy source of the
ETG turbulence exists in an energy sink region of the ITG turbulence. Since the growth
rate of the ETG mode is an order of magnitude larger than that of the ITG mode, effects
of the ETG turbulence can not be ignored in studying the ITG turbulence. Therefore,
especially in the negative shear tokamaks, non-adiabatic electrons play a significant role in
a formation of the drift-wave turbulence.

From the conventional mixing length estimate, it is found that both the NS-ITG mode
and the NS-ETG mode give order of magnitude larger transport coefficients compared with
those in the normal shear cases. The obtained large transport coeflicient of the NS-ITG
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mode seems to be inconsistent with an improved ion energy confinement in the negative
shear discharges with the ITB. The NS-ITG modes may be suppressed by other effects such
as the F, x B flow shear, as shown in Section 5.5. However, even if the F, x B shear flow
is considered, it may be insufficient to stabilize the NS-ETG modes, because it is difficult
to satisfy the stability condition, wg,xp > Im(w). For the electron energy confinement,
the transport coefficient due to the NS-ET'G mode may explain the residual anomalous
electron thermal transport in the ITB of the negative shear tokamaks.

Effects of E, x B shear flows on ITG modes were studied in the previous works [37, 39].
In their treatment of mean E, x B flows, an equilibrium electric field was imposed as
an external field. As shown in the linear theory of the K-H mode, if we consider the self-
consistent density profile in the E,. x B shear flows, the K-H mode may become unstable. For
proper estimation of the stability limit including the K-H mode, a careful determination of
a radial electric field through the Poisson equation with both the ion and electron density
profiles is required, because the charge density (the electrostatic potential) in a plasma
corresponds to the vorticity (the stream function) in a neutral fluid.

In the present linear calculations, we have considered only the slab drift waves, which
are driven by the resonant interaction between transit particles and electrostatic waves.
The present results may not be sufficient for a quantitative comparison with tokamak
experiments, since the driving force due to the toroidal effects such as toroidal guiding
center drift, trapped particles, and the toroidal mode coupling is not included. However,
the toroidal effects tend to become weak for the negative shear configuration and the slab-
type drift waves are relevant to understand experimental results.

Another goal in this work has been understanding of nonlinear physics of the drift-wave
turbulence. Firstly, we have addressed the ETG mode whose growth time is much faster
than that of the ITG mode. In order to study nonlinear dynamics of the ETG turbulence,
we have developed a gyrokinetic finite element PIC code. In this work, we have applied
a two-and-a-half dimensional model to the negative shear configuration. Simulations are
performed particularly for the Nonresonant NS-ETG mode, because its contribution to
the electron anomalous transport based on the mixing length theory is the largest among
several branches of the NS-ETG modes. The principal results observed in the nonlinear
simulation of the Nonresonant NS-ET'G mode are summarized as follows:

(a) In the linear growth phase, a radially elongated vortex structure predicted by the

linear theory is seen.

(b) In the initial saturation phase, a saturation of the ETG mode is produced by an
inverse (normal) wave energy cascade in the k, (k) space, which tends to generate
the E' x B shear flows.

(c) After the saturation of the ETG mode, the secondary instability followed by a gener-
ation of the E,. x B zonal flows occurs and the E. x B zonal flow region is expanded
in the radial direction.
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(d) In the quasi-stationary phase, the quasi-steady E, x B zonal flows, which are stable
against the K-H mode, is sustained, and a remarkable reduction of x. is observed in
the E, x B zonal flow region.

From analyses of the simulation data, various new underlying physics in the ETG turbu-
lence has been revealed.

The electron thermal transport coefficient X ~ #p2 /L ~ 0.44m?/sec observed in the
turbulent region around the gu,-surface is large enough for explaining x. observed in the
ITB of the negative shear tokamaks [24, 30]. It is noted that this coefficient is much smaller
than that obtained from the mixing length estimate, since the linear eigenmode structure
is not sustained after the nonlinear saturation of the ETG mode. On the other hand, in the
E. x B zonal flow region, an electron heat flux is strongly suppressed, because of the strong
spectrum condensation into k, = 0 mode which does not contribute to the anomalous xe.

From the Rayleigh necessary condition for instability, the K-H mode is basically unsta-
ble, if we consider a shearless slab configuration or a two-dimensional magnetized plasma.
In a sheared slab configuration, the parallel electron dynamics induced by the magnetic
shear has a stabilizing effect on the K-H mode. The linear stability analysis of the K-H
mode has shown a close correspondence between the stability limit of the K-H mode and
the g-profile. This feature is qualitatively consistent with simulation results, where E, x B
zonal flows are generated only in the finite magnetic shear regions, although an inverse en-
ergy cascade in the k, space is also observed in the weak magnetic shear region. It has been
shown that quasi-steady E, x B zonal flows decay by changing the g-profile to reduce the
magnetic shear. The K-H mode play a critical role in the underlying physics of the E,. x B
zonal flow in the ETG turbulence. It is considered that a quasi-steady E, x B zonal flow
is determined by a competition between a flow generation process due to an inverse energy
cascade in the k, space and a flow destruction due to the K-H mode. These results imply
a possibility of controlling the E, x B zonal flow and the resulting confinement property
by changing the g-profile.

We have shown that the microscopic E, x B zonal flow with p;; /L, ~ O(1) has a strong
stabilizing effect on the ITG mode. If the generation of the microscopic E, x B zonal flow is
a universal feature of the ETG turbulence in the negative shear configuration, a suppression
of the ITG mode due to the ETG turbulence may be a plausible candidate for explaining a
reduction of x; to a level of neoclassical transport in the ITB region of the negative shear
tokamaks. However, in the present work, the study of the ETG turbulence formed by
the Nonresonant NS-ETG mode has been limited within a two-and-a-half dimensional slab
model. For three-dimensional models, besides the Nonresonant NS-ETG mode, the Single
and Double NS-ETG modes become unstable. Also, the linear stability of the K-H mode
may be affected by multiple-helicity perturbations. In order to confirm the E, x B zonal
flow generation completely, three-dimensional simulations will be necessary in the future
work.

The anomalous transport process or plasma turbulence in high temperature fusion
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plasmas is characterized by various kinetic and fluid phenomena. The gyrokinetic integral
eigenvalue code and the gyrokinetic PIC simulation code are powerful tools in analyzing
linear and nonlinear properties of such a complex system. With the gyrokinetic integral
eigenvalue code, we have analyzed the ITG and ETG modes both in the normal shear
and negative shear configurations, and the K-H mode arising from quasi-steady E, x B
zonal flows. This code is applied to any kind of micro-instabilities in arbitrary equilibrium
configurations, provided that the gyrokinetic ordering is not violated. Also, this code is
useful as a tool for analyzing linear properties of a nonlinearly saturated state or a new
equilibrium state realized in a nonlinear simulation. However, nonlinear properties such
as a saturation mechanism of micro-instabilities and a generation mechanism of E, x B
shear flows are beyond linear calculations. It is thought that both the gyrokinetic integral
eigenvalue code and the gyrokinetic PIC code mutually play a complementary role in a
simulation study of tokamak plasmas. Future work will be an extension of these codes to

a toroidal geometry and an electromagnetic waves.
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