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Recently, high-order harmonic generation (HHG) in solids 

has been the subject of extensive experimental and theoretical 
research. HHG in waves reflected or transmitted from a solid thin 
film is thought to be significantly modulated by the nonlinear 
light-propagation effect within the thin film [1]. However, it is 
impossible to experimentally observe this modulation inside thin 
films. First-principles calculations using the time-dependent 
density functional theory (TDDFT) can provide realistic and 
reliable descriptions for the microscopic mechanisms underlying 
HHG in solids [2]. In this study [3], numerical experiments were 
conducted to investigate the nonlinear light-propagation effect in 
HHG from laser-irradiated silicon (Si) thin films by employing a 
computational method that combines Maxwell’s equations for 
light propagation and TDDFT for electron dynamics. 

We consider the irradiation of a free-standing Si thin film of 
thickness d in vacuum by an ultrashort light pulse of a linearly 
polarized plane wave with normal incidence [Fig. 1(a)]. The light 
propagation is described in the macroscopic scale by solving the 
following one-dimensional wave equation: 
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where Z is the macroscopic coordinate. 𝑨𝑨𝑍𝑍(𝑡𝑡)  and 𝑱𝑱𝑍𝑍(𝑡𝑡)  are 
the vector potential and current density, respectively, of the film. 
This wave equation is solved using a one-dimensional grid for the 
Z variable. At each grid point of Z inside the film, we consider an 
infinite crystalline system of the film material. The electronic 
motion in the unit cell of each crystalline system is described by 
the Bloch orbitals 𝑢𝑢𝑛𝑛𝒌𝒌,𝑍𝑍(𝒓𝒓, 𝑡𝑡), which satisfy the time-dependent 
Kohn–Sham equation: 
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𝑉𝑉KS(𝒓𝒓, 𝑡𝑡)  is the effective single-electron Hamiltonian and 
𝑉𝑉KS(𝒓𝒓, 𝑡𝑡)  is the Kohn–Sham potential. The electric current 
density averaged over the unit-cell volume Ω  is defined as 
follows: 
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By simultaneously solving the above equations, the ultrafast and 
nonlinear dynamics of the light pulse and electrons inside the film 
can be simulated. We call this method [4] “multiscale Maxwell-
TDDFT.” 

Figures 1(b) and (c) show snapshots of the electric field of 
the light pulse propagating through a thin Si film with a thickness 
d = 3000 nm. Figure 1(b) presents the electric field of the initial 
pulse (t = 0 fs), which is located in front of the film, wherein the 
film is presented as a thin gray area. We used an incident pulse 
with a wavelength of 800 nm, full-width-at-half-maximum 
(FWHM) of 21.4 fs, and peak intensity of 5×1012 W/cm2. Figure 
1(c) shows a snapshot of the electric field at t = 150 fs. Here, we 
display the results corresponding to initial pulses of two different 
maximum intensities: a strong pulse (I = 5×1012 W/cm2, red solid 
line), and a weak pulse (I = 109 W/cm2, blue dotted line). Linear 

 
Fig. 1 (a) Overview of the multiscale Maxwell-TDDFT method 
for light propagation through a thin Si film. The electron density 
changes driven by the light pulse are illustrated for the first three 
grid points. (b) Electric field at t = 0. The incident pulse is 
generated in front of the thin Si film, which is exhibited as a gray 
area. (c) Electric field at t = 150 fs is shown for the case of two 
incident pulses: a strong pulse (I = 5×1012 W/cm2, red solid line) 
and a weak pulse (I = 109 W/cm2, blue dotted line) scaled up by 
a factor of √5000. The Fourier spectra of the respective pulses 
and energy deposition [(c)] are shown in the insets. 



 

 
Fig. 2 HHG spectra for the waves (a) reflected and (b) transmitted from the thin Si film with a thickness of d = 5, 200, 500, 
1000, and 3000 nm. 

 
propagation is expected for the weak pulses. In the figure, the 
weak pulse is multiplied by a factor of √5000  so that the 
differences between the two lines manifest nonlinear effects in 
the stronger pulse. The reflected and transmitted pulses are shown 
in Figure 1(c). They are separated from the film (left for the 
reflected pulses and right for the transmitted pulses). There also 
appears to be a component around the film, which is caused by 
reflection at the back surface of the film. By Fourier transforming 
the reflected and transmitted fields, we obtain the HHG spectra 
for the respective fields, as depicted in the insets. 

Figure 2 shows the calculated HHG spectra in the waves 
reflected and transmitted from thin Si films with thicknesses of d 
= 5, 200, 500, 1000, and 3000 nm. We used an incident pulse with 
a wavelength of 800 nm, FWHM of 21.4 fs, and peak intensity of 
4×1012 W/cm2. The spectra for reflection and transmission, for a 
film thickness of 5 nm, are equivalent and are the strongest 
among the signals of films of different thicknesses. These features 
have already been reported in our previous analysis [5], and can 
be understood in terms of the two-dimensional approximation for 
electromagnetism, which is valid for very thin films. While the 
reflection HHG [Fig. 2(a)] is almost saturated at d = 200 nm, the 
transmission HHG [Fig. 2(b)] continuously decreases as the 
thickness increases. In particular, the latter for d = 1000 nm shows 
a dip around the photon energy of 20 eV. Through frequency- and 
depth-resolved analyses of light pulses, we find that the 
transmission HHG has two origins: the HHG generated near the 
front edge and propagating to the back surface, and that generated 
near the back edge and emitted directly [3]. The dominant 
mechanism of the transmission of HHG is found to depend on the 
thickness of the thin film and the frequency of the HHG. For the 
film with d = 1000 nm, a transmission HHG with a frequency 
below 20 eV is generated near the back edge, whereas that with a 
frequency above 20 eV is generated near the front edge and 
propagates from there to the back surface. The transmission 

HHGs below and above 20 eV have different origins, and the dip 
at 20 eV is due to the combination of the two mechanisms. 

In this study, we found that the nonlinear propagation 
dynamics of light pulses cause significant effects in HHG from 
nano to micrometer-thick Si films. This study demonstrates that 
the multiscale Maxwell-TDDFT scheme provides a reliable 
description of such phenomena. 
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