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Introduction

• In order to understand formation of 
transport barriers, we have to consider 
interactions between microturbulence 
and background profiles including mean 
flow self-consistently.

• To this end, global turbulence simulation 
is needed, and several global codes are 
developed using the gyrokinetic model.

• But the standard gyrokinetic model is 
formulated for perturbations with short 
wavelength and small amplitude 
(gyrokinetic ordering) [Hahm PF 1988].

• Hence, there is no reason that the 
standard model is still valid in the long 
wavelength regime.
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Introduction (cont.)
• It was claimed that the gyrokinetic model would 

be valid in the long wavelength regime [Dimits 
PFB 1992].

• Recently, on the other hand, it was claimed that 
gyrokinetic quasi-neutrality equation usually used 
is not enough to obtain electrostatic potential 
with long wavelength [Parra-Catto PPCF 2008].  
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• We investigate this issue from a point of view of push-
forward representation associated with phase space 
transformation.

• And show that the 2nd order displacement vector associated 
with guiding-centre transformation yields additional terms in 
gyrokinetic quasi-neutrality equation.



Ordering reinterpretation
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Gyrokinetic ordering (short wavelength and small amplitude)

ఝ ,1~ߩୄ݇
்
ఋߝ~ ≪ 1

ߩୄ݇
ఝ
்
≪ 1

Slow flow ordering ( ாܸ ≪ ୲ܸ୦)

Slow flow ordering is satisfied in long wavelength as well 

ߩୄ݇ ≪ 1, ఝ
்
~1

[Dimits, Phys. Fluids B 1992]

Standard gyrokinetic model is also valid in long wavelength regime?
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Gyrokinetic quasi-neutrality equation

where FedN    )( )( 36 rXZr Gyroaveraged gyro-centre density

MFdn )( )( 36
0 rXZr   
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Gyrokinetic quasi-neutrality equation for singly charged ions (which is the 
same as push-forward representation of particle density) is

Polarisation term

Polarisation term is ܱ ߝ for short wavelength perturbations, 
but it becomes ܱሺߝଶሻ for long wavelength perturbations.

We have to consider other ܱ ଶߝ terms in long wavelength regime.
For this we have to review the formulation of the gyrokinetic model.

Observation:
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Push-forward representation of 
particle density 

Formal push-forward representation of particle density

݊ ܚ ≡ න݀ଷ݀ܠଷܞ ܠଷሺߜ݂ െ ሻܚ ൌ න݀܈ത ࣤTୋ୷∗ ܠଷሺTୋେିଵߜതܨ െ ሻܚ

　　　																																															 ൌ න݀܈ത ܠଷሺTୋ୷ିଵTୋେିଵߜതܨࣤ െ ሻܚ

Particle GC Gyro-centre

),( vxz  ),,,( UXZ  ),,,( UXZ L
ε ~

T
q ~

GCT

-1
GCT -1

GyT

GyT

Two-step phase space transformation in standard gyrokinetic formulation

Usually used

Alternative
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2nd order pieces of phase 
space transformation 

Particle GC Gyro-centre

),( vxz  ),,,( UXZ  ),,,( UXZ L
ε ~

T
q ~

GCT

-1
GCT -1

GyT

GyT

Particle position in gyro-centre phase space

Tୋ୷ିଵTୋେିଵܠ ൌ ഥ܆  ഥ࣋߳  ߳߳ఋ࣋ഥ୷  ߳ଶ࣋ഥ  ܱ ߳ଷ

Displacement vector associated 
with gyro-centre transformation.
This piece yields polarisation 
term in quasi-neutrality equation  
which is ܱሺ߳ఋሻ for short 
wavelength, but  ܱሺ߳߳ఋሻ for long 
wavelength.

Another 2nd order piece 
associated with guiding-centre 
transformation.
This piece is not considered in 
the standard gyrokinetic model.

ഥ୷࣋ ൌ െ ଵܵ, ഥ܆  ഥ࣋
Here ߳ and ߳ఋ are indexes showing order of 
each term.
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2nd order piece associated with  
guiding-centre transformation 

where

܆ଶܩ ൌ
ଵ
ଶ
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డௌయ
డ

ܾ

Relation between x and X

ܠ ൌ ܆ െ ܆ଵܩ߳ െ ߳ଶ ܆ଶܩ െ
1
2۵ଵ ∙ ଵܩ܌
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ௐ
ஐ
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ஐ
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ௐ
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ܿ̂ ∙ સlogܤ

ܵଷ ൌ
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ௐ
ஐ
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ஐ
aଶ: સܾ െ

ଶ
ଷ
ௐ
ஐ
̂ܿߤ ∙ સlogܤ

ොܽ ൌ ࣋
ఘ
, ܿ̂ ൌ ොܽ ൈ ܾ, aଶ ൌ

̂̂ିොො
ସ

, ܹ ൌ ଶఓ


This is related to variation of magnetic field.
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General push-forward  representation 
of particle density

When the symplectic part of Lp does not include the electrostatic potential,   
the above is rewritten with the GC (GK) Hamiltonian H as  

Requirement that the charge density should agree with ∑݊ݍ yields the 
general push-forward representation of particle density [Miyato et al., 
Plasma Fusion Res. 2011], 

ex.
ܪ ൌ ߮ݍ 

݉
2 ܷ

ଶ  ܤߤ െ
݉
2 ாܸ

ଶ 
ߤ
2Ωસୄ

ଶ߮

݊ ൌ ܰ  સ ∙
ܰ
Ωસୄ߮ܤ  સୄଶ

ܲୄ
ܤΩݍ2

Hamiltonian

yields

݊ ܚ ൌ െ
1
ݍ
න݀ࣤ܈ሺ܈ሻܨሺ܈ሻ

ሻ܈ሺܮߜ
ሻܚሺ߮ߜ

݊ ܚ ൌ
1
ݍ
න݀ࣤ܈ሺ܈ሻܨሺ܈ሻ

ሻ܈ሺܪߜ
ሻܚሺ߮ߜ



General comments on 
variational derivation

• The variational method only needs the GC (GK) Hamiltonian 
(or Lagrangian) and doesn’t need details of the GC (GK) 
transformation. (But this time we needed knowledge of details 
of the phase space transformations for consideration.)

• Therefore, this method is very useful in modern reduced 
kinetic formulation based on the Lie-transform perturbation 
analysis.

• Consistency of the reduced system is automatically kept in 
the variational method.

• Any approximations should be made to the Hamiltonian, and 
the quasi-neutrality condition (the Poisson equation) should 
be derived rigorously from the approximated Hamiltonian.

• Otherwise, one must be careful about consistency between 
the Hamiltonian and the quasi-neutrality. If not, conservation 
properties of the system will be violated.
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Modification of Hamiltonian 
covering long wavelength

When we take into account ࣋, the electrostatic potential may be 
expanded as

߮ Tୋେିଵܠ ൌ ߮ ܆  ࣋  ࣋ ⋯ ൎ ߮ ܆  ࣋  ࣋ ∙ સ߮ ܆  ࣋ .

ഥܪ ൌ 
ଶ
ഥܷଶ  ܤߤ̅  ݍఋߝ ߮  ഥ࣋ ∙ સ߮ െ ఋଶߝ

మ

ଶ
డ
డఓ

߮ଶ െ ߮ ଶ

Since the additional term is important for long wavelength only, we can 
approximate as ഥ࣋ ∙ સ߮ሺ܆ഥ  ഥሻ࣋ ൎ ഥ࣋ ∙ સ߮ ഥ܆ .
Then, the gyrokinetic Hamiltonian becomes 

Hence, an additional term appears in the gyrokinetic Hamiltonian 
[Brizard Diss. 1990]:

ഥܪ ,ഥ܆ ഥܷ, ,ߤ̅ ݐ ൌ
݉
2
ഥܷଶ  ܤߤ̅ ഥ܆  ݍఋߝ ߮ ഥ܆  ഥ࣋  ഥ࣋ ,ഥ܆ ഥܷ, ߤ̅  ∙ સ߮ ഥ܆

െߝఋଶ
మ

ଶ ഥ܆
డ
డఓ

߮ ഥ܆  ഥ࣋ ଶ െ ߮ ഥ܆  ഥ࣋ ଶ
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Variational derivation

Substituting the modified gyrokinetic Hamiltonian into the general push-
forward representation of particle density, we have the representation 
with the additional terms coming from ࣋: 

݊ ܚ ൌ
1
തࣤ܈න݀ݍ ത܈ തܨ

ഥܪߜ ത܈
߮ߜ ܚ

ൌ න݀܈തߜଷሺ܆ഥ െ ሻܚ ఇ∙࣋ି݁ തࣤܨ 
ݍ
ܤ
തࣤܨ߲
ߤ߲ ఇ߮∙࣋݁ ഥ܆ െ ఇ∙࣋݁ ߮ ഥ܆ െ સ ∙ തܨࣤ ഥ࣋

ൌ න݀܈തࣤܨത
ߜ

߮ߜ ܚ ߮ሺ܆ഥ  ഥሻ࣋ െ
ݍ
ܤ2

߲
ߤ߲ ߮ ഥ܆  ഥ࣋ ଶ െ ߮ ഥ܆  ഥ࣋ ଶ  ഥ࣋  ∙ સ߮ሺ܆ഥሻ

We need an explicit form of ࣋. 
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Explicit representation of 

Explicit representation of ߩ is found in [Littlejohn Phys. Fluids 1981]

(Littlejohn gives more general ࣋ including equilibrium electric field.)

࣋ ൌ െ
1
Ωଶ ቈܷ

ଶ ܾ ∙ સܾ

 ܷܹ
1
2

ܾ ∙ સ ൈ ܾ െ aଵ: સܾ ොܽ  2 ܾ ∙ સܾ ∙ ܿ̂ ܾ  ሺaଶ: સܾሻܿ̂  											


ܤߤ
݉

1
2સ ∙

ܾ െ aଶ: સܾ ܾ 
3
2સୄ logܤ  2aଶ ∙ સ logܤ 

Cf. [Brizard Diss.1990]

࣋ ൌ െ
1
Ωଶ ܷଶ ܾ ∙ સܾ  2

ܤߤ
݉ સୄ logܤ െ ܾ ܤߤ

4݉Ωଶ સ ∙ ܾ  2
ܷܹ
Ωଶ

ܾ ∙ સܾ ∙ ܿ̂

െ 
ଶஐ
࣋ ∙ ۷ ܾ ∙ સ ൈ ܾ  ଵ

ଶ
ሺ ܾ ൈ સܾ െ સܾ ൈ ܾሻ
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Additional terms in quasi-neutrality

Now we need only gyroaverage of ࣋, 

ഥ࣋ ൌ െ ఓ
ஐమ

ଵ
ଶ
સ ∙ ܾ ܾ  మ

ஐమ
ܾ ∙ સܾ  ଷ

ଶ
ఓ
ஐమ

સୄlogܤ .

(ܰ, ∥ܸ, ܲୄ , ∥ܲ are gyro-fluid moments.)

This is a little different from recent result by Brizard and Tronko,

ഥ࣋ ൌ െ మ

ஐమ
ܾ ∙ સܾ  ఓ

ஐమ
સୄlogܤ . [Brizard-Tronko, PoP 2011]

݊ሺܚሻ ൌ ⋯  સ ∙ ఼
ஐమ

ଵ
ଶ
સ ∙ ܾ ܾ  ∥ାே∥

మ

ஐమ
ܾ ∙ સܾ  ଷ

ଶ
఼
ஐమ

સୄlogܤ .

Conventional part

It does not agree with gyroaverage of Brizard’s ࣋ in the previous slide.

Then, the quasi-neutrality becomes

Note: we have similar terms in large flow case [Miyato et al JPSJ 2009].



Summary
 Standard gyrokinetic model is not always valid in the long 

wavelength regime. In particular polarisation term in the 
quasi-neutrality goes to higher order.

 We have to consider the high order displacement vector 
associated with GC transformation as well as that associated 
with gyro-centre transformation yielding polarisation term.

 Considering the high order displacement vector, we obtain 
additional terms in gyrokinetic quasi-neutrality which come 
from nonuniformity of magnetic field.

 Our result is slightly different from the recent result of 
Brizard-Tronko (and our result in large flow case). 
Cause of the discrepancy is unknown yet.
[ There is no detail in Brizard-Tronko which just cites 
Kaufman’s paper which also just cites Wimmel’s paper.]
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From ܫߜ ⁄߮ߜ ൌ 0, we obtain the reduced Poisson equation,

Variational method
An action functional I with a Lagrangian for the Vlasov-Poisson system 
[Sugama, Phys. Plasmas 2000],

where ܮ ൌ ∗ۯݍ ∙ ሶ܆  

ሶߦ െ ܪ ,ᇱ܈ሺ܈ , ;ᇱݐ ሻݐ is the GC (or gyro-center)  

coordinates of the particle at time t with the initial condition ܈ ,ᇱ܈ ;ᇱݐ ᇱݐ ൌ ,ᇱ܈
Σ is a sum over species and ۴ఓఔ ≡ ఓ߲ܣఔ െ ߲ఔܣఓ, ఓܣ ൌ ሺെ߮ ܿ, ⁄ሻۯ , ఓ߲ ൌ
ܿିଵ߲௧, સ .	Here we take ߟ ൌ diagሺെ1, 1, 1, 1ሻ as a metric tensor of 

Minkowski spacetime.

߳સଶ߮ ൌන݀ࣤ܈ሺ܈ሻܨሺ܈ሻ
ሻ܈ሺܮߜ
ሻܚሺ߮ߜ

Charge density is expressed in terms of GC variables.
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Perturbative expansion of  
formal exact representation 

Explicit push-forward representation of particle density is also derived by a 
perturbative expansion of formal exact representation.

݊ ܚ ൌ න݀܈ത ܠଷሺTୋ୷ିଵTୋେିଵߜതܨࣤ െ ሻܚ

											ൌ න݀܈ത ࣤTୋ୷∗ ܠଷሺTୋେିଵߜതܨ െ ሻܚ

Usually used representation

Two exact representations are 
possible in the standard 
gyrokinetic model.

Tୋ୷ିଵTୋେିଵܠ ൌ ഥ܆  ഥ࣋  ഥ୷࣋  ഥ࣋  ⋯

Tୋେିଵܠ ൌ ܆  ࣋  ࣋ ⋯
Tୋ୷∗ തܨ ൌ തܨ  ଵܵ, തܨ  ⋯

Expanding the delta function in powers of ࣋ and integrating by parts, 
we obtain the same additional term derived by the variational method.
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Variational derivation

Substituting the modified gyrokinetic Hamiltonian into the general push-
forward representation of particle density, we have the representation 
with the additional terms coming from ࣋: 

݊ ܚ ൌ
1
ݍ
න݀܈തࣤ ത܈ തܨ

ഥܪߜ ത܈
߮ߜ ܚ

ൌ න݀܈തߜଷሺ܆ഥ െ ሻܚ ఇ∙࣋ି݁ തࣤܨ 
ݍ
ܤ
തࣤܨ߲
ߤ߲ ఇ߮∙࣋݁ ഥ܆ െ ఇ∙࣋݁ ߮ ഥ܆ െ સ ∙ തܨࣤ ഥ࣋

ൌ න݀܈തࣤܨത
ߜ

߮ߜ ܚ ߮ሺ܆ഥ  ഥሻ࣋ െ
ݍ
ܤ2

߲
ߤ߲ ߮ ഥ܆  ഥ࣋ ଶ െ ߮ ഥ܆  ഥ࣋ ଶ  ഥ࣋  ∙ સ߮ሺ܆ഥሻ

ൌ ⋯  ߘ ∙ ఼
ஐమ

ଵ
ଶ
સ ∙ ܾ ܾ  ∥ାே∥

మ

ஐమ
ܾ ∙ સܾ  ଷ

ଶ
఼
ஐమ

સୄlogܤ .

Conventional part
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Large flow case

Second order Hamiltonian in large flow case is given by [Miyato JPSJ 2009]

ଶܪ ൌ
ߤ݉
ݍ2

ܾ ∙ ߘ ൈ ா܄ െ
ܷ݉ଶ

Ωܤ ߮ߘ ∙ ܾ ∙ ߘ ܾ െ
7
6
ߤ
Ω ߘୄ ߮ ∙ ܤlogߘ

where nonlinear terms of ߮ are dropped.

න݀ܨࣤ܈
ሻ܈ଶሺܪߜ
ሻܚሺ߮ߜ

This gives

= ܈݀ ܆ଷሺߜ െ ሻસܚ ∙ સ఼ிࣤఓ
ଶஐ

െ ிࣤఓ
ଶஐ

ܾ ∙ સܾ  మிࣤ
ஐ

ܾ ∙ સܾ  

ఓிࣤ
ஐ
સୄlogܤ

= ܈݀ ܆ଷሺߜ െ ሻસܚ ∙ સୄ
ிࣤఓ
ଶஐ

 ఓிࣤ
ଶஐ

સୄlogܤ െ
ிࣤఓ
ଶஐ

ܾ ∙ સܾ  మிࣤ
ஐ

ܾ ∙ સܾ  

ఓிࣤ
ஐ
સୄlogܤ
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Summary of equations

The gyrokinetic Vlasov equation

where
ഥ࣋ ൌ െ ఓ

ஐమ
ଵ
ଶ
સ ∙ ܾ ܾ  మ

ஐమ
ܾ ∙ સܾ  ଷ

ଶ
ఓ
ஐమ

સୄlogܤ .

ഥܪ ൌ 
ଶ
ഥܷଶ  ܤߤ̅  ݍ ߮ െ 

ଶ ଵܵ, ߮  ݍ ഥ࣋ ∙ સ߮ .

തܨ߲
ݐ߲  ,തܨ ഥܪ ൌ 0

with

The gyrokinetic quasi-neutrality equation

݊ሺܚሻ ൌ න݀܈തܬሺ܈തሻߜଷሺ܆ഥ  ഥ࣋ െ ሻܚ തܨ  ଵܵ, തܨ 	 	െ න݀܈തߜଷሺ܆ഥ െ ሻસܚ ∙ തܨതሻ܈ሺܬ ഥ࣋

Note: Usually variation of ̅ߩ is neglected in the quasi-neutrality. But it is not 
negligible in long wavelength regime, since it is comparable to ̅ߩ.

ଵܵ, ߮ ൎ 


డ
డఓ

߮ଶ =


డ
డఓ

߮ଶ െ ߮ ଶ .


